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Classical knot theory begins with the study of loops, sitting in three dimensional spaces as
smoothly or piecewise-linearly embedded submanifolds, generally studied up to the equivalence of
ambient isotopy. One then proceeds to define the unknot as the class of embeddings isotopic to
a flat, round circle placed in three dimensions so that it bounds a geometric disk. For example,
one can consider the equatorial circle U = {(x, y, z) : x2 + y2 = 1, z = 0} of the unit sphere
x2 + y2 + z2 = 1 in R3 as a representative of the unknot in open 3-space; it bounds the obvious
disk D = {(x, y, z) : x2 + y2 ≤ 1, z = 0}. This disk is an instance of a Seifert surface: an orientable
surface bounded by a knot in 3-space. Every knot in R3 or1 S3 is known to bound Seifert surfaces,
but the unknot is the unique knot bounding a disk—the “simplest” Seifert surface possible. One
can also study decompositions of knots into prime knots; a knot is said to be prime if it cannot be
decomposed as a connected sum of knots where neither summand is the unknot.
This work is concerned with surfaces, and the ways in which they may be “knotted” when realized
inside of an ambient four dimensional space. The mathematical setting to study this is the geometry
and topology of low dimensional manifolds2, namely, the study of 2-manifolds (surfaces) realized
within 4-manifolds (the ambient spaces). By a knotted surface in a 4-manifold we refer merely to a
particular embedding of a surface in a 4-manifold. We will stick to compact surfaces; see §1.2 below
for our conventions and terminology regarding surfaces.
1For the convenience of the theory, topologists tend to study knots in the wonderfully compact 3-dimensional
sphere S3 rather than in the open world of R3, though a study of long knots R ↪→ R3 has caught on in some circles
due to their convenience when approaching questions related to embedding spaces and associated invariants. More
generally, one might study k-knots Sk ↪→ Sk+2, or embedded k-dimensional hypersurfaces in Sk+2. We’ll specialize
to k = 2 momentarily.
2A not unsubstantial background in manifold theory and low-dimensional topology is required to understand the
details of this study. Of particular importance are the tools and basic constructions of geometric topology, including
Morse theory, surgery, and the plethora of topological invariants afforded by algebraic topology. For the reader in
need, we recommend the following texts that were greatly beneficial to the author in acquiring the background: [GS99]
and [Sco05] for 4-manifold focused background, [Mat02], [Mil63], or [Mil65] for a grounding in the necessary Morse
theory, [CKS04] and[Kam17] for knotted surface theory, and[DK01] for a treatment of algebraic topology that includes
homology with local coefficients at the level sufficient to understand normal Euler classes.
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To study knotted surfaces, we will usually take the 4-sphere S4 as our ambient manifold (though
a topologist concerned with 4-manifolds can and does certainly worry about surfaces in other 4-
manifolds). One needs to define relevant notions of unknot in this setting; since there are many
homeomorphism types of surfaces, it is not as simple to construct good definitions of “unknottedness”
and “primeness”. We will need subtly different notions of unknottedness for orientable and non-
orientable surface embeddings, and further, we will at times need to distinguish between smoothly
and topologically unknotted surfaces. The classical notion of prime knots will be replaced with
notions of irreducibility and indecomosability. We now introduce these notions informally, while
briefly recounting some relevant history.
Fujitsugo Hosokawa and Akio Kawauchi provided the first notions of “unknotted surfaces” in
the literature [HK79]. They considered embedded surfaces in 4-manifolds in the piecewise-linear
category in the late 1970’s and gave unknottedness conditions for orientable surfaces in terms of
handlebodiedness of Seifert solids, generalizing the above idea of unknottedness from classical knot
theory to the knotted surface setting. We adapt their notions of unknotted surface embeddings with
appropriate modifications for the topological and smooth categories below in §1.2.2. Intuitively an
embedding of an orientable surface is unknotted topologically (respectively, smoothly) if it is possible
to realize the embedding as confined in a topological (smooth) 3-dimensional submanifold, wherein
it is the boundary of a topologically (smoothly) embedded 3-dimensional handlebody.
For non-orientable surfaces, a more subtle notion of unknottedness is required. An intuitive way
to define unknotted embeddings of non-orientable surfaces is to first define unknotted embeddings of
projective planes in a 4-ball, of which there are two inequivalent embeddings arising from sewing a
disk onto the boundary of a left or right-handed Möbius strip embedded in a 3 dimensional equatorial
section of the 4-ball. Proceeding from a folklore3 result giving S4 as a quotient of complex projective
space CP2 or its mirror CP2, one can construct these unknotted projective planes in the 4-sphere as
the projections of the fixed set of the conjugation induced involution giving the quotient maps. One
then defines general unknotted non-orientable surfaces using an internal connected sum operation
to join unknotted projective planes (of either chirality); thus, for a given non-orientable genus, there
are different equivalence classes of unknotted surfaces, all reducible, determined by their normal
Euler numbers.
3Though some sources attribute this result first to either Kuiper [Kui74] or [Mas73], it was already in use prior in
the work of Arnol’d on real algebraic geometry [Arn71]; Arnol’d attests that according to Rohklin, Pontryagin was
aware of the result in the 1930’s, though his proof remains apocryphal. Arnol’d subsequently published a new proof
based on hyperbolic geometry and dynamics in [Arn88]. As Arnold, Kuiper, and Massey all produced independent
and distinct proofs, it is sometimes referred to as the Arnol’d-Kuiper-Massey theorem. See also [Law82, Mar86].
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For the topological category one might be concerned that “wild” knots become possible. These
are easily excluded if we restrict our attention to embeddings which are initially smoothable. We
are foremost interested in examining smooth embeddings of surfaces Σ ↪→ X, and asking about
the differences between topological and smooth equivalences of such embeddings with respect to
knottedness and unknottedness.
The dichotomies related to the categories of smooth versus topological 4-manifolds that emerge
from the pioneering independent works of Michael Freedman and Simon Donaldson are often rephrased
in terms of reducibility : a given smoothable four dimensional manifold may be topologically con-
structed by connected sums of simpler smoothable 4-manifolds, and thus be topologically reducible.
But smooth manifolds which are topologically reducible are known to not always be smoothly de-
composable as connected sums using the analogous smooth pieces. This phenomenon also gives rise
to interesting smooth irreducibility phenomena for surfaces in 4-manifolds. We first recall known
irreducibility phenomena for knotted surfaces.
Livingston defined the notion of an irreducible embedded surface in the 4-sphere in [Liv85] and
subsequently defined a notion of indecomosability of surface embeddings in [Liv88]. Livingston’s
notion of irreducibility expresses the impossibility of splitting an embedding as a connected sum of
pairs with at least one pair a standard unknotted torus in the 4-sphere, while indecomposability
expresses the impossibility of splitting an embedded surface as a connected sum of pairs, with
possibly knotted surfaces in the 4-sphere as summands. Livingston produces examples of each
phenomenon separately, but his examples are all topologically knotted as well as smoothly knotted;
the fundamental groups of the complements are highly nontrivial, and are precisely used as the
invariant to obstruct topological reducibility or decomposability4. For technical reasons, as well as
to keep our language in line with the common language of 4-manifold theory, we will use the term
“irreducible” in a manner more akin to “indecomposable”; see section 1.2.2.5 for our definitions and
discussion.
Examples of non-orientable surfaces which are topologically unknotted but not smoothly equiv-
alent are known. In [FKV87, FKV88] Finashin, Kreck, and Viro exhibit infinite families of non-
orientable surfaces of normal Euler number ±16 embedded in the 4-sphere which are mutually non-
diffeomorphic embeddings, but which are topologically equivalent embeddings. In [Kre90] Kreck
4Genus one examples of topologically indecomposable surfaces (which are not realizable as connected sums of
knotted spheres and unknotted tori) go back to a 1976 paper of Asano [Asa76], but Livingston constructs the first
examples in higher genus, and also seems be the first author to use the term “indecomposable” in this specialized
way.
3
subsequently proved that the embeddings of a certain infinite subfamily were all topologically un-
knotted; they are all homeomorphic to the standard unknotted surface embedding (S4,RP2#9RP2),









= +2 ; the reason for the bar notation becomes clear in sec-
tion 1.2.2.4.
Thus, there is a genuine distinction between topological and smooth knottings of non-orientable
surfaces in the 4-sphere. Building on the work of Fintushel and Stern in [FS06] and Park, Stipsicz,
and Szabó in [PSS05], Finashin subsequently improves upon the initial constructions using real
pencils on CP2, equivariantly adapting Fintushel and Stern’s double node knot surgery and rational
blowdowns to construct exotic knottings of RP2#5RP2 in the 4-sphere [Fin09]. There are infinitely
many diffeomorphism classes for these embeddings, even after blowups, however Kreck’s arguments
for complete topological unknottedness of the families of the preceding cases are not immediately
applicable. However, other arguments of Kreck, detailed in [FKV88] do allow one to select an infinite
subfamily of topologically unknotted surfaces.
In order to understand the context of these constructions, and to explore generalizations of them,
we study orientation reversing involutions on surfaces and notions of real structure as provided
by appropriate involutions on 4-manifolds: real-complex structures associated to anti-holomorphic
involutions of 4-manifolds, real-symplectic structures associated to antisymplectic involutions, and
a general notion of real structure for 4-manifolds, determined by involutions which fix surface sets.
This is the content of chapter 2.
Our main results will be stated in full technical detail in §1.3, but here we close our overview by
providing a summary of the results. We note for our first main result that the non-orientable exam-
ples of Finashin-Kreck-Viro and Finashin, as well as some generalizations thereof, are all smoothly
irreducible, and we show moreover that there are infinite families of smoothly irreducible non-
orientable surfaces embedded in S4 for all normal Euler numbers in {±8,±10,±12,±14,±16}. It
remains an open problem to obtain similar results for normal Euler numbers ±6, ±4, ±2, 0, or for
larger normal Euler numbers.
At the core of the constructions of Finashin-Kreck-Viro and Finashin are real elliptic fibrations,
prescribed by the existence of an anti-holomorphic involution, which conveniently commutes with
the fibration. Our next avenue of research extends the study of such involutions by demonstrat-
ing the existence of a real-symplectic fiber sum operation, valid for suitable pairs of symplectic
4-manifolds (not necessarily fibered) equipped with real-symplectic structures, determined by anti-
symplectic involutions. In the realm of these real structures on 4-manifolds, the fixed sets, which
4
are 2-dimensional submanifolds, become a point of significant interest. Gluing fixed loci of real-
symplectic and real-complex involutions through such sums, and passing to the quotient provides
an avenue to construct new examples of interesting irreducible embedded surfaces in 4-manifolds.
The proofs of main results are built in stages in chapter 3.
1.2 Basic notions, notations and conventions
For brevity, we are forced to assume the reader has some familiarity with topological and smooth
manifolds, bundles, and maps between these that preserve certain structures of interest. We endeavor
here simply to collect for the reader the definitions of some basic objects and the notations and
conventions needed to proceed with the statements of the main results.
First we cover conventions for manifolds without severely restricting attention to low-dimensional
considerations. Then we shift focus to the low dimensional world of interest, briefly covering facts
and conventions specific to 4-manifolds, with special attention to simply connected 4-manifolds and
reciting the basic facts and conventions surrounding abstract surfaces. The well acquainted reader
can choose to begin instead with §1.2.2, where we introduce historical and specialized definitions
and notations relevant for our work with surface embeddings, including careful definitions of un-
knottedness and irreducibility for surfaces embedded in 4-manifolds.
1.2.1 Manifold generalities
1.2.1.1 Manifolds and their structures
By a manifold we mean a Hausdorff, second countable, locally Euclidean topological space of
fixed dimension, possibly with nonempty boundary, and with a suitable choice of structure (initially,
either topological or smooth). The structure of a topological manifold of dimension n is determined
by a maximal atlas of charts to Rn (or Rn+ for boundary coordinate neighborhoods), with transition
functions all homeomorphisms. A manifold is smoothable if it admits a smooth atlas of charts
whose transition functions are diffeomorphisms. All manifolds needed in this thesis are assumed
smoothable. A smooth structure is a choice of a maximal smooth atlas; equivalently it is a choice
of an equivalence class of smooth atlases, where two atlases are smoothly equivalent if their union
is again a smooth atlas. For smoothable manifolds of dimension 4 or larger, this choice need not be
unique.
We often introduce a manifold by assigning it a capital latin letter, and use a lowercase latin
superscript initially to introduce its dimension, e.g., Xn denotes an n-dimensional manifold, and
thereafter we may refer to X without the superscript except as a reminder of dimension when it
5
may be warranted. The boundary of the manifold Xn is denoted ∂X and is itself an (n − 1)-
dimensional submanifold. We use the notation Y̊ = Y − ∂Y to denote the interior of a manifold
Y with boundary. We frequently identify connected components of a disconnected space via the
notation X = X1 qX2 q . . .qXk, where k = |π0(X)| is the number of connected components of X.
We often must consider manifolds up to various equivalences, such as topological equivalence
by homeomorphism, or smooth equivalence by diffeomorphism. We write X ∼= Y to mean that X
and Y are homeomorphic; when we need to emphasize that we are working only in the topological
category, we write X ∼=C0 Y . We will write X ∼=C∞ Y to mean X and Y are diffeomorphic. A pair
of manifolds X and Y are deemed an exotic pair if they are homeomorphic but not diffeomorphic,
in which case one may write X ∼= C
0
C∞ Y .
We use the notation of pairs (Xn, Y m) to denote an embedding Y m ↪→ Xn, m ≤ n; we will then
naturally view Y as an m-dimensional submanifold of the n-dimensional manifold X. When it is
important to distinguish between an abstract manifold and its embedded image, we will assign a
new symbol to the embedding, e.g., using F for the embedded image of an abstract surface Σ in a
4-manifold X; see conventions for surfaces below in 1.2.1.7.
We will be concerned with embeddings up to appropriate notions of equivalence, and so frequently
have cause to consider equivalences of pairs. By a homeomorphism of pairs (Xn, Y m) ∼= (Zn,Wm)
we mean a homeomorphism X
ϕ−→ Z such that ϕ|Y is a homeomorphism onto its image, which is
exactly W : ϕ(Y ) = W . Similarly we define a diffeomorphism of pairs (Xn, Y m) ∼=C∞ (Zn,Wm) by
insisting ϕ be a diffeomorphism from X to Z which carries Y diffeomorphically to W . If we write
(Xn, Y m) ∼= C
0
C∞ (Z
n,Wm) it means that there is a homeomorphism of pairs, but no diffeomorphism
of pairs; note that this does not necessarily mean X ∼= C
0
C∞ Z, but rather that any diffeomorphism of
X to Z fails to carry the submanifold Y to the submanifold W . This is of greatest interest of course
when X ∼=C∞ Z and Y ∼=C∞ W as abstract manifolds, but no diffeomorphism of the pairs (Xn, Y m)
and (Zn,Wm) exists, in which case we can say that the pairs represent an exotic embedding pair of
Y ∼=C∞ W into X ∼=C∞ Z.
The tangent space to X at a point p ∈ X, denoted TpX, is regarded as the space of derivations
of C∞ functions at p. The collection of all such spaces can be topologized as a vector bundle over
X, and is called the tangent bundle of a manifold X, denoted TX; the cotangent bundle is denoted
T ∗X and collects the dual spaces T ∗pX of tangent covectors. We denote sections of a vector bundle





smoothly determining an inner product on each tangent space TpX.
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The normal bundle of an embedded submanifold Y m ↪→ Xn (m < n) is denoted NY , and is
identified as a subbundle of the tangent bundle TX|Y (after a choice of Riemannian structure). A
(closed) tubular neighborhood of a submanifold Y m ↪→ Xn(m ≤ n) is denoted ν(Y ), and its interior
ν̊(Y ) may be identified with NY (again, after a choice of Riemannian structure). As convenient
we may assume a Dn−m disk bundle structure on ν(Y ). When dealing with a family of embedded





number of the disk bundle ν(Y ); if the space Y is non-orientable, then it is tacit that e(ν) is the
normal Euler number defined via local orientations.
An n-dimensional manifold Xn is orientable if the tangent bundle TX has structure group re-
ducible to GL+(n). For compact X, one can equivalently choose a consistent family of trivializations
of TX along a 1-skeleton of X, which also determines a fundamental class [X] ∈ Hn(X). When
X is orientable, there are two distinct ways to choose such a trivialization, corresponding to the
two choices of generator for Z ≈ Hn(X). We always assume a choice of orientation has been made
for any orientable manifold X. Orientable submanifolds are always given the induced orientation
determined by the orientation of the ambient manifold. We often work with other structures, such
as complex or symplectic structure, for which there is a compatible choice of orientation, in which
case we always assume the compatible choice of orientation.
A symplectic manifold (X,ω) is an even dimensional manifold X2n equipped with a closed, non-
degenerate 2-form ω ∈ Γ(
∧2
T ∗X). By nondegeneracy, the form ωn = ω ∧ . . .∧ ω is a non-vanishing
top-form which induces an orientation of X compatible with its symplectic structure.
An even dimensional manifold X2n is said to be a complex n-manifold if it has an atlas of
charts which are biholomorphisms of polydisk neighborhoods, with transition functions that are
biholomorphisms. Equivalently, X2n possesses an integrable almost complex structure J in the sense
that the +i-eigenspace TX1,0 of J is an integrable distribution. This latter condition is equivalent
to the vanishing of the Nijenhuis tensor NJ , and to the existence of global complex coordinates,
by the celebrated Newlander-Nirenberg theorem. Almost-complex manifolds are oriented by the
almost-complex structure; there is a global skew-symmetric nondegenerate 2-form ω determined by
J and any choice of Riemannian metric g:
ω(v1, v2) := g(Jv1, v2)
and as before, ωn is a non-vanishing top-form which induces an orientation of X. Note that ω need
not be closed — if ω is closed and J is integrable, then X is a Kähler manifold, with ω compatible
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with the integrable almost complex structure J . In this case ω(·, J ◦ ·) is a Riemannian metric which
can be realized as the real part of an appropriately compatible Hermitian metric on the complex
manifold X.
The study of real structures is a direct generalization of the study of real algebraic geometry
and real symplectic geometry to the context of smooth topology, and can be traced back to the late
1960’s. A general notion of real structures on smooth manifolds was first introduced in 1966 by
Michael Atiyah [Ati66], as a manifold equipped with an involution. A more refined notion of real
structures was introduced generally by Öztürk and Salepçi in [OS15] (in the context of studying
Z/2Z-equivariant contact structures and open books, which we will not use for this thesis.) This
notion of real structure restricts the orientation-preservation properties of the involutions according
to the dimension, and places dimension restrictions on the possible fixed sets of such a real involution.
Definition 1.2.1. A manifold X2n or X2n−1 is equipped with a real structure if it is endowed
with a smooth involution c : X → X, c ◦ c = idX , called a real involution, which is orientation
preserving when n is even, and orientation reversing when n is odd, and such that the fixed set
Xc = Fix(c) = {p ∈ X : c(p) = p} of c, called the real locus, is either empty, or is a properly
embedded n-dimensional submanifold (for X2n) or (n− 1)-dimensional submanifold (for X2n−1).
Thus real structures on 1 and 2-manifolds reverse orientations, and preserve orientations on 3
and 4-manifolds. Generally, the dimension of a non-empty fixed submanifold is the floor of half of
the dimension.
When X is a manifold (of even or odd dimension) with a real structure determined by an
involution c, we record this by writing (X, c). We say a set S ⊂ X is c-invariant if c(S) = S, i.e.,
S is fixed setwise. As there is often cause to restrict real structure to invariant submanifolds, we
will use the abbreviated subscript notation cY = c|Y whenever we need to consider an induced real
structure on an invariant submanifold Y ↪→ X. Note that a real involution need not restrict to a
real structure on invariant submanifolds, due to the constraints on fixed point dimension.
Real structures can be considered specially within the categories of symplectic or (almost) com-
plex manifolds. On an almost complex manifold (X2n, J), one has a real structure (also called a con-
jugation structure, as defined in[CF64]) if there is an involution c : X → X such that dc◦J = −J◦dc;
a real structure on a complex manifold then may be regarded as a choice of conjugation structure
with respect to the natural J associated to the complex structure. We thus say a complex manifold
X2n is a real-holomorphic manifold if we have chosen an involution c which is anti-holomorphic on
X, in the sense that it is a conjugation structure with respect to the complex structure of X.
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For symplectic manifolds, we define real-symplectic structures analogously: an involution c is
a real-symplectic involution on a symplectic manifold (X2n, ω) if it is antisymplectic: c∗ω = −ω.
We then say that (X2n, ω, c) is a real-symplectic manifold. A real-symplectic involution is anti-
holomorphic for any almost complex structure J compatible with the symplectic form ω.
We study real structures of low-dimensional manifolds in detail in chapter 2. In particular,
involutions of 2-manifolds are discussed in great detail below in §2.1, while real structures on complex
surfaces and symplectic 4-manifolds are discussed in §2.2.
1.2.1.2 Building blocks
We list here a number of examples of standard manifolds invoked in this thesis, together with
pertinent relations between them, and as warranted, some standard real structures.
Example 1.2.1.1. A closed topological n-disk is denoted Dn; there is a homeomorphism Dn ∼=
D1 ×Dn−1 allowing for an inductive topological view of their construction. As convenient we also
sometimes view disks as submanifolds of Euclidean spaces, whereupon they are blackboard bolded
to emphasize convenient geometric or involutive structures:
• D1 = [−1, 1] ⊂ R is a closed unit 1-disk. We view arcs in a space X as smooth embeddings of
α : D1 → X, with ∂α = ∂−α q ∂+α = {α(−1)} q {α(1)}.
• iD1 = {it ∈ C : t ∈ D1} is the closed unit 1-disk endowed with a natural reflection it 7→ −it
induced by conjugation in C; this makes (iD1, conj) a real 1-manifold.
• D2 = {z ∈ C : |z| ≤ 1}, the closed holomorphic two disk as a real-2 manifold with involution
conj : D2 → D2 given by z 7→ z̄; this is the canonical real-complex local model in dimension 2.
The real locus of conj is (D2)conj = D1.
• D3 = {(x, y, z) ∈ R : x2 + y2 + z2 ≤ 1} is the 3-disk (also called the 3-ball), endowed with the
involution (x, y, z) 7→ (x,−y,−z). Note that the equatorial disk of D3 can be identified with
D2, and the real structure on D3 restricts to conjugation on D2, and the fixed set is again D1,
now embedded along the x-axis of R3. This is part of a larger pattern relating real structures
on n-disks through a sequence of suspensions and product constructions, such as the second
real structure described for D4 below.
• We describe a real structure on the 4-dimensional disk D4 (which we may also call the 4-
ball) in two ways. By D4 = {q ∈ H : |q| ≤ 1} denote the closed unit ball in quaternionic
space H = {t(1) + xi + yj + zk : t, x, y, z ∈ R , i2 = j2 = k2 = ijk = −1} with respect to
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the Euclidean metric |q| =
√
t2 + x2 + y2 + z2, and endowed with the involution c given by
t+xi+yj+zk 7→ t+xi−yj−zk. The fixed set (D4)c = {t+ix ∈ C : t2+x2 ≤ 1} can be identified
with an isometric copy of D2 in D4 (with the real structure of D2 forgotten, as it is fixed in
D4). Alternatively, consider D2 × D2 with the product real structure5 conj×2 := conj× conj,
and the real locus is easily seen to be D1×D1. Topologically, (D4, c) and (D2×D2, conj×2) are
equivalent by a homeomorphism of pairs ϕ : (D4,D2) ∼−→ (D2×D2,D1×D1) which commutes
with the given involutions c and conj×c: ϕ ◦ c = conj×2 ◦ϕ. The more useful and recurrent
viewpoint is to consider this real structure in the product famework (D2 × D2, conj×2). Note
that this structure is real-complex (in the obvious way) with holomorphic coordinates (z1, z2) =
(x1 + iy1, x2 + iy2) ∈ (D2)2, and real-symplectic with respect to the product symplectic form
ω = dx1 ∧ dy1 + dx2 ∧ dy2.
Example 1.2.1.2. A topological n-sphere is denoted Sn; they may be defined without reference to
Euclidean embeddings as boundaries of (n+ 1)-dimensional disks: Sn ∼= ∂Dn+1.
• S1 = U(1) = ∂D2 is the complex unit circle, and is the unique 1-dimensional compact Lie
group; it also possesses a natural orientation reversing involution conj : S1 → S1 given by
ζ 7→ ζ̄ for any unit complex number ζ, and thus is a real 1-manifold. We freely invoke any of
these structures as needed for S1.
• Sn := {x ∈ Rn+1 : ‖x‖ ≤ 1} denotes a unit sphere in (n+ 1)-dimensional Euclidean space; in
special cases where we want additional or different structures, we will introduce new notations
(e.g., CP1 is the complex projective line/Riemann sphere, which has underlying topological
manifold S2, see below).
Example 1.2.1.3. Complex projective space CPn is defined as the quotient space Cn+1 − {0}/C×
of complex (n+ 1)-space by the multiplicative action of nonzero complex scalars; a convenient topo-
logical view associated to the generalized Hopf fibration is to regard CPn as the quotient S2n+1/S1
where S2n+1 is the unit sphere in Cn+1. We write homogeneous coordinates [z0 : . . . : zn] arising
from equivalences of coordinates (z0, . . . , zn) on Cn+1 − {0}.
5Not all products of manifolds with real structure induce product real structures; there is a well defined product
real structure on D2n given by regarding it as a closed polydisk (D2)n with conjugation acting in each factor, but the
involution conj×2 on iD1 × iD1 is not a real structure, as it is orientation preserving, while any real structure on D2
must be orientation reversing by definition.
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• We exploit the natural biholomorphic correspondence between CP1 and the Alexandrov com-
pactification Ĉ = C ∪ {∞} to view CP1 as the Riemann sphere; it is endowed with a real
structure given by the conjugation involution [z0 : z1] 7→ [z̄0 : z̄1].
• The complex projective plane is CP2, also endowed with the obvious real structure, as above.
Example 1.2.1.4. Real projective space RPn is the quotient Rn+1 − {0}/R×, and may also be
regarded as the quotient of Sn by the antipodal action. There is a natural way to view RPn as
a subset of CPn, realized as the fixed set of the involution c : CPn → CPn given in homogeneous
coordinates by [z0 : . . . : zn] 7→ [z̄0 : . . . : z̄n]. Writing zk = xk + iyk, we obtain homogeneous
coordinates [x0 : . . . : xn] on RPn.
1.2.1.3 Sum operations
We recall three indispensable ways of topologically combining n-manifolds to produce new n-
manifolds: connected sum, boundary connected sum, and generalized fiber sum.
Definition 1.2.2. Given manifolds Xn and Y n, the connected sum of X and Y , denoted X#Y
is the manifold obtained by deleting a Dn neighborhood of a point from each of X and Y and
identifying the boundary (n − 1)-spheres via the boundary restriction of an orientation reversing
diffeomorphism ϕ : Dn1 → Dn2 between the deleted neighborhoods:
X#Y = (X − D̊n1 ) ∪ϕ|∂Dn1 (Y − D̊
n
2 )
For connected X and Y this operation is well defined irrespective of the choices of point neighbor-
hoods made or the gluing map ϕ, owing to the fact that any two embeddings of Dn into a smooth
connected manifold are smoothly isotopic. The sum operation is canonically smoothable in the usual
way.
For a positive integer n, let #nX = #nX denote the n-fold connected sum of X with itself.
Definition 1.2.3. The boundary connected sum of two manifolds Xn and Y n with nonempty
boundary is the manifold obtained by identifying a Dn−1-neighborhood of a point in each boundary,
and again gluing by the restriction of an orientation reversing diffeomorphism ϕ : Dn−11 → D
n−1
2 to
the boundary sphere ∂Dn−11 :





This is well defined whenever the boundaries ∂X and ∂Y are connected (otherwise it depends upon
the choice points, in so far as they determine a pair of connected components taken respectively from
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∂X and ∂Y which will be attached in the gluing). Assuming X has connected non-empty boundary,
then for a positive integer n, let \nX = \nX denote the n-fold boundary connected sum of X with
itself. Observe that for X and Y manifolds with connected boundaries, ∂(X\Y ) = ∂X#∂Y .
Definition 1.2.4. Given manifolds Xn1 and X
n
2 , suppose there exists a pair of embeddings ji :
Y m → Xi, Yi = ji(Y ), i = 1, 2, such that there is an orientation reversing isomorphism of tubular
neighborhoods ψ : ν1 → ν2 (with respect to their Dn−m-bundle structures). Then ψ induces an
orientation preserving diffeomorphism ϕ : ν1−Y1 → ν2−Y2 by composing ϕ with the fiber everting
map x 7→ ι(x) = x/‖x‖2 of Dn−m − {0}. Then the generalized fiber sum of X1 and X2 along Y1
and Y2 is the manifold
X1#ψX2 := (X1 − Y1) ∪ϕ (X2 − Y2)
obtained by using ϕ = ι ◦ ψ to identify ν1 − Y1 and ν2 − Y2.
The motivation for the name comes from the study of fibrations, where one may wish to build
a new fibration by gluing two fibrations together in a natural way. If $i : X
n
i → Bki is a pair of
fibrations (i = 1, 2), and F ↪→ Xi is a regular fiber, then the fiber sum is the above construction using
the regular fiber F of the fibrations as the Y ; in this case we may write X1 #f,ψX2 to emphasize that
the sum respects a pair of fibration structures, yielding a new fibration $1#f,ψ$2 : X1 #f,ψX2 →
B1#B2. Note that “downstairs” we simply have a connected sum of base spaces; this is a consequence
of the fact that removing a neighborhood of a regular fiber has the effect downstairs of removing
a neighborhood of a point, and subsequently our identifications induce an identification of the
boundaries of the removed disks in each Bi to create a new base space for a fibration which naturally
restricts on the fiber summands to the old fibration away from the removed regular fiber. See §1.2.1.5
below for a discussion of elliptic and Lefschetz fibrations.
We now turn our attention to the ways in which the above sum constructions can be used to
decompose a space into simpler pieces.
Definition 1.2.5. A closed manifold Xn is said to be irreducible if the only connected sum decom-
positions X = X1#X2 require one of X1 or X2 to be homotopy n-spheres. If there is a nontrivial
connected sum X = X1#X2 where neither X1 nor X2 is a homotopy n-sphere, then we say X is
reducible. More generally, a manifold Xn, possibly with boundary, and possibly non-compact, is
called irreducible if it cannot be decomposed nontrivially as a connected sum of summands none
of which is a homotopy Sn, nor can it be decomposed as a boundary connected sum with neither
summand a homotopy Dn.
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Example 1.2.1.5. Connected sums can be generalized to pairs of manifolds, as described by Hae-
fliger [Hae62]. The notion of a knot sum of classical knots Ki : S
1 ↪→ S3, K1#K2 : S1 q S1 ↪→ S3
(which in Haefliger’s pair sum framework would be written as (S3,K1)#(S
3,K2) = (S
3,K1#K2))
was defined by Schubert, who in [Sch49] used bridge number and connected sum to deduce the
uniqueness of “prime decomposition” of knots into knots which are prime in the sense of being irre-
ducible with respect to knot sums. See §1.2.2.1 below for the discussion of connected sums of pairs
in the context of knotted surfaces and irreducibility in the surface embedding context.
Remark 1.2.1. A manifold might be irreducible but still admit a decomposition in terms of a
generalized fiber sum. Indeed, many well known examples of fiber/symplectic sum constructions are
known to be minimal and irreducible. For completeness and to provide language for later use, we
define a more general notion of reduction related to fiber sums.
Definition 1.2.6. A reducing submanifold of a connected manifold Xn is a properly embedded
submanifold Mn−1 which separates X into disjoint connected submanifolds, with neither piece being
homeomorphic to an n-disk: X − ν̊(M) = X1 qX2, X1, X2 6∼= Dn.
If a closed manifold Xn admits a reducing (n − 1)-sphere M ∼= Sn−1, then Xn decomposes as
a connected sum, i.e. there exist manifolds Xi, i = 1, 2, such that X1 q X2 ∼= X − ν̊(M), and
X = X̂1 # X̂2 where Xi ∼= X̂i −D4.
If instead a manifold Xn with boundary admits a reducing (n − 1)-disk M ∼= Dn−1 (which,
necessarily, is properly embedded with ∂M ∼= Sn−2 a separating sphere in ∂X), then Xn decomposes
as a boundary connected sum: X = X1\X2, for some manifolds X1 and X2, which are each required
not to be homeomorphic Dn.
If a 4-manifold X contains an embedded S1-bundle over a surface Σ which is reducing for X,
then X can be written as a generalized fiber sum X1 #ΦX2 for a pair of manifolds X1 and X2
admitting embeddings F1 and F2 respectively of Σ, with [F1]
2 = −[F2]2 (where [Fi]2 = e(νi) is
the self intersection number, which, by regarding νi as a disk bundle, agrees with the usual Euler
number associated to νi; see definition 1.2.10 below.)
We now define a notion of fiber sum reducibility:
Definition 1.2.7. We say X is smoothly fiber sum reducible if there exist manifolds X1 and X2,
neither diffeomorphic to X nor to a D2-bundle over an (n− 2)-manifold, such that X = X1 #ΦX2
for some gluing map Φ associated to embeddings Y ∼= Yi ↪→ Xi, i = 1, 2 with e(ν1) = −e(ν2).
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1.2.1.4 Cyclic branched covers and quotients
Definition 1.2.8. A nonsingular d-fold cyclic branched covering map is a smooth proper map
f : Y n → Xn, such that
(i.) Cn−2 = crit(f) ⊂ Y is an embedded codimension 2 submanifold, called the branch set or
branching manifold,
(ii.) f(C) = Bn−2 ⊂ X is an immersed codimension 2 submanifold called the branch locus or
ramification locus,
(iii.) f |Y−C : Y − C → X − B is a cyclic covering map of degree d, and thus is determined by a
surjection π1(X −B) π1(Y − C) ∼= Z/dZ,
(iv.) There are local coordinate charts U, V → C × Rn−2+ around every p ∈ C and f(p) ∈ B such
that the map is locally modeled by (z,x) 7→ (zm,x) where m ∈ {1, . . . , d} is the branching
index of f at p.
It follows from basic covering space theory and the above definition that if Z/dZ acts on a
manifold Y by a smooth periodic map τ : Y → Y with fixed set Y τ , then the quotient X = Y/τ is
the image of a branched covering q : Y → X ramified along Y τ upstairs, and the action of Z/dZ on
Y − Y τ is by an order d deck transformation of the covering Y − Y τ  X − q(Y τ ).
Of particular interest to us is the case d = 2, in which case it is possible that the branching
locus B = q(Y −Y τ ) is a non-orientable immersed or embedded submanifold of X. Given an X and
B ⊂ X a codimension 2 embedded submanifold, a 2-fold branched covering space Y of (X,B) (with
branch locus B, of course) is uniquely determined. An algorithm to construct such Y via handles is
given by Akbulut and Kirby in [AK80] for the cases of (X,B) being any of the following:
• (D4 ∪ H, FK) for FK a Seifert surface of a knot in ∂D4 with F̊K pushed into D̊4 and H a
collection of handle attachments,
• (S4, F ) for any smoothly embedded surface F , or
• (CP2, F ) where F is a sufficiently “nice” surface such as an algebraic curve.
The algorithm presented in [AK80] allows for a constructive verification of the fact (stated in
the overview, and below in section 2.2.1.1, that the quotient of CP2 by complex conjugation is S4,




Two kinds of fibration play prominent roles in the present work: elliptic fibrations, and Lefschetz
fibrations. Consult [GS99], chapters 3 and 8 for thorough treatments from the perspective of 4-
manifold topologists. We first recall the definition of an elliptic fibration. By a complex surface S
we mean a complex manifold of complex dimension 2.
Definition 1.2.9. A complex surface S is an elliptic surface if there is a holomorphic map $ : S → C
where C is a complex curve, such that the preimage $−1(t) is biholomorphic to a smooth elliptic
curve C/Λ for generic t ∈ C. Here, $ is a holomorphic elliptic fibration.
Of particular interest in our constructions are simply connected elliptic surfaces over CP1. The
singular fibers of elliptic fibrations were classified in [Kod63]; of particular importance in this work
are simple nodal (I1) fibers, and I8 fibers, which consist of a ring (−2)-spheres, each transversely
positively intersecting its two neighbors. See section 1.2.1.6 below for a description of the self
intersection number, e.g., the quantity −2 in (−2)-sphere.
1.2.1.6 4-manifolds
Since this work is concerned with surfaces in 4-manifolds, we will now begin to restrict our nota-
tional needs to the low dimensional setting, beginning with a brief review of 4-manifold essentials.
For further reference we recommend [GS99], or [Sco05].
By the work of Freedman[Fre82] and Donaldson[Don83], smooth simply connected closed smooth
4-manifolds are topologically classified via their intersection forms.
Definition 1.2.10. Let X4 be an oriented, closed, smooth 4 manifold, and let T denote the torsion
submodule of H2(X) := H2(X;Z). Then the intersection form QX is the bilinear form
QX : H2(X)/T ×H2(X)/T → Z
given by sending classes α, β ∈ H2(X)/T to their intersection number





where PD : Hk(X) → H4−k(X) is the Poincaré dual map, ^ is the cup product of cohomology
classes, and [X] is the fundamental class. When there is no fear of ambiguity, we may write α · β :=
QX(α, β).
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We observe that the terminology “intersection form” comes from the fact that classes in H2(X)
may be represented by embedded orientable surfaces in X, and for generic surfaces Fα and Fβ rep-
resenting classes α, β ∈ H2(X), Q(α, β) counts the intersections in Fα ∩ Fβ with signs determined
by the induced orientations. In particular, α · β =
∫
X
ηα ∧ ηβ for appropriately chosen differential
2-forms ηα, ηβ supported in neighborhoods of Fα and Fβ respectively; indeed, assuming trans-
verse intersections of Fα and Fβ , we only require that the compactly supported de Rham classes
[Fα]dR, [Fα]dR ∈ H2c (X;R), are represented by ηα and ηβ respectively. These representatives may
be chosen so as to admit local expressions ηα = f(x1, x2) dx1 ∧ dx2, ηβ = g(x1, x2) dy1 ∧ dy2 in a
neighborhood U of a transverse intersection point, wherein Fα corresponds to vanishing xi’s and Fβ
corresponds to vanishing yi’s, and f and g are bump functions which integrate to ±1 in U (signs




ηα ∧ ηβ =
∫
R2 f(x1, x2) g(y1, y2) dx1 ∧ dx2 ∧ dy1 ∧ dy2 = ±1 depending on
the orientations of the surfaces at the intersection [Sco05].
For two surfaces, F and F ′ in X, we may casually use the notation F · F ′ := [F ] · [F ′] =
QX([F ], [F
′]). For any embedded surface F ⊂ X, we write the self intersection number as α2 =
[F ]2. Note that this coincides with the normal euler number e
(
ν(F )), which measures the signed
intersections of a normal push off of F in ν(F ) with the zero section of ν(F ), which we identify with
the original embedding when we regard ν(F ) as a tubular neighborhood of F . We commonly deal
with embedded spheres, in which case one may refer to a self intersection n sphere to mean a sphere
F ↪→ X with [F ]2 = n. E.g., the term (−2)-sphere appearing in our above description of an I8 fiber
refers to a sphere Ci with [Ci]
2 = −2.
The intersection form of a simply connected 4-manifold is an integral bilinear symmetric uni-
modular quadratic form. Associated to such forms are the algebraic invariants of rank, signature,
and type:
Definition 1.2.11. Let Q be an integral bilinear symmetric unimodular quadratic form defined on
an abelian group A. Then
• the rank of Q is the integer r = rank(A), i.e., the number of generators needed to generate the
free abelian part of A,
• the signature of Q is σ = b+ − b− where b+ = dim(+1-eigenspace of Q : A ⊗Z R → R) and
b− = dim(−1-eigenspace of Q : A⊗Z R→ R),
• the type is even if Q(a, a) ∼= 0 mod 2 for every a ∈ A, otherwise it is odd.
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For QX arising from a closed simply connected X
4, we write that X has signature σ(X) = σ(QX) =
b+2 − b
−




2 = b2 = rankH2(X).
Definition 1.2.12. An element K ∈ H2(X) is called a characteristic element if K ·α ≡ α2 mod 2
for all α ∈ H2(X). Such K is a homology class associated to an integral lift of the second Stiefel-
Whitney class w2(X), which obstructs spin structures. Such integral lifts determine spin
c structures
on X4 whenever H2(X) has no 2-torsion (e.g., simply connected X), and conversely, for any X4
with no 2-torsion in H2(X), a spinc structure s on X yields a characteristic element of H2(X) by
taking the associated determinant line bundle of the spinc structure to the Poincaré dual of the first
Chern class of the line bundle.
To distinguish smooth structures on 4 manifolds one needs a geometric invariant; such invariants
arise from gauge theory. We will make use of the Seiberg-Witten invariants for this purpose. Loosely,
one can describe the Seiberg-Witten invariants as assigning an integer to each spinc structure on X.
Equivalently the Seiberg-Witten invariants determine a map from characteristic H2(X) elements
to Z; in many cases these invariants are independent of choices of geometric structure used in
defining the invariants, and in the exceptional cases of interest, have well understood dependency on
geometric choices. The invariants arise from consideration of moduli spaces of solutions to certain
elliptic equations in a spinc principal bundle over X, up to gauge equivalence. See, e.g., §10.7 in
[Sco05] for details.
Definition 1.2.13. Fix a Riemannian four manifold (X, g). A Seiberg-Witten (s, η)-monopole (ψ,A)
on (X, g) associated to a choice of spinc structure s is a spinor field ψ (a smooth section of the
complex spinor bundle S+(s)), together with a hermitian metric A on the determinant line bundle
det(σ) associated to the spinc structure, such that ψ is in the kernel of the associated Dirac operator
∂A, and such that the self dual part F
+
A of the curvature two form F on the principal spin
c bundle
equals the trace-free self dual two form q(ψ) := ψ ⊗ ψ∗ − 12 |ψ|
2id plus a purely imaginary self-dual
harmonic perturbation, iη:
∂Aψ = 0 (SWs,η)
F+A = q(ψ) + iη
Considering the space of monopole solutions up to gauge equivalence yields a compact moduli
space Ms,η(g) from which invariants can be extracted. The formal dimension of this moduli space
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of solutions is expressed in terms of algebraic topological invariants of the manifold X and the






c21(det s)− (2χ(X) + 3σ(X))
4
. (1.1)
We observe that for a simply connected X4 the Chern isomorphism allows us to view the spinc




∈ {K ∈ H2(X;Z) : PD(K) ≡ w2(X)




= 0 if and only if K2 = 2χ(X) + 3σ(X), which by a theorem of
Wu [Wu52], is possible for a characteristic element K if and only if K is Poincaré dual to the first
Chern class associated to an almost complex structure.




= 0, the Seiberg-Witten
invariant can be regarded as a count of irreducible (ψ 6≡ 0) solutions up to signs, determined by an
orientation of Ms,η(g) induced by a homology orientation (i.e. a choice of orientation on the vector
space H0(X;R)⊕H1(X;R)⊕H2+(X;R), where H2+(X;R) consists of self-dual g-harmonic de Rham
two forms).
More generally, the Seiberg-Witten invariant is defined to be 0 whenever the formal dimension




is even, it is given by integrating the d/2th power of a homology
generator/Chern class µ ∈ H2(B∗;Z) over the moduli space Ms,η(g), where B∗ ⊃ M∗s,η(g) is a
Banach manifold obtained by considering the quotient of the space of hermitian metrics paired with
sections of the positive spinor bundle, modulo the gauge action, with reducible solutions excised.
For generic metrics, only a finite collection of spinc structures on X4 yield a non-zero Seiberg-
Witten invariant; we call the associated classes Seiberg-Witten basic classes.
We are primarily interested in the case of a 4-manifold X4 with b+2 = 1, for which the invariant
is more subtle, as it depends in a controlled way on the choice of a metric, via the wall crossing
formula, which we consider below in 3.1.4
Henceforth, by X = X4, Y = Y 4, and Z = Z4, we will denote compact smooth 4-manifolds,
except on occasion when “Xn” will be reintroduced in a dimensionally general statement. Unless
otherwise specified or required within constructions, we assume these 4-manifolds are closed and
simply connected.
We denote by CP2 and CP2 the complex projective plane with standard and reversed orientation
respectively, endowed with their natural smooth structures as 4-manifolds . When we speak of
diffeomorphic 4-manifolds, we mean orientation preserving diffeomorphism, whence CP2 and CP2
are considered to have distinct smooth structures.
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Definition 1.2.14. A 4-manifold with a real structure, or if no confusion may arise, a real 4-manifold
is a 4-manifold X4 equipped with an orientation preserving involution c : X → X with fixed set Xc
either a 2-submanifold or empty, in which case we also refer to c as a real involution of X. We write
(X, c) to record the data of the 4-manifold X together with its real involution c.
This notion of real structure subsumes real-complex and real-symplectic structures on 4-manifolds,
but also enables us to consider the possibility of equivariant constructions in the absence of sym-
plectic or complex structures. When we speak of Z/2Z equivariance of constructions on 4-manifolds,
we will always mean with respect to the actions induced by real structures.
1.2.1.7 Surfaces
By a surface we will always mean a smooth 2-dimensional manifold (with or without boundary);
our surfaces may be orientable or non-orientable, but are assumed compact and connected unless
otherwise specified. We will often use Σ to denote a generic surface, and F to denote the embedded
image of a surface in another manifold.
The simplest closed surfaces are the 2-sphere S2, the torus T 2 = S1 × S1, and the projective
plane RP2. These are the ‘atoms’ of compact surfaces: by using a collection of pieces homeomorphic
to these, removing disjoint disks from some pieces, and identifying some pairs of boundary circles
to connect components, we can construct any connected compact surfaces, possibly with boundary,
from these atoms.6
We state a version of the classification and representation theorem7 for compact surfaces as suited
to our needs:
Theorem. Any connected compact surface Σ has homeomorphism type determined by its Euler
characteristic χ = χ(Σ) ∈ Z≤2, its orientability, and the number of its boundary components b:
• if Σ is orientable, then Σ is homeomorphic to a connected sum of g = 1− 12 (b+ χ) tori, with
b disjoint open disks D̊2i removed:
Σ = #g T 2 −qbi=1D̊2i ,
6This is a variant of the usual representation theorem for surfaces: any finite genus compact surface can be
constructed up to homeomorphism by removing disks from a sphere and forming the quotient space induced by an
appropriate identification of select boundary components; non-orientable surfaces arise when one or more boundaries
are self-identified by an antipodal map of the boundary S1’s.
7This simplified classification theorem for connected compact surfaces is motivated by a modern view of the
representation of surfaces using connected sums of the atoms described above. This type of representation naturally
arises from the Morse-theoretic viewpoint of surface classification and representation, e.g., as exposited in [Mat02].
We thus omit the proof, as it follows straightforwardly from the representations of surfaces recovered from standard
handle decomposition arguments.
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excepting the case where χ = 2 and b = 0, which gives g = 0, and Σ is homeomorphic to the
sphere S2;
• if Σ is non-orientable, then Σ is a connected sum of k = 2− b− χ projective planes RP2, with
b disjoint open disks D̊2i removed:
Σ = #kRP2 −qbi=1D̊2i ,
and in this case k ≥ 1 whence χ ≤ 1− b.
For orientable surfaces we call the number g ∈ Z≥0 the genus of the surface Σ, and for non-
orientable Σ we call the number k ∈ Z≥1 the non-orientable genus of Σ.
For any surface Σ with marked points p1, . . . , pn ∈ Σ, we can collect the marked points into a
discrete subspace Pn, and study the marked surface up to homeomorphisms of pairs, (Σ,Pn). Now
let Db = qbi=1D̊2i denote a collection of open 2-disks embedded disjointly in a surface. Every surface
(Σ,Pn) with n marked points is realizable as homeomorphic to one of the following standard marked





, the compact oriented surface of genus g with b boundary components
and n marked points,




, the compact non-orientable surface of non-orientable genus k with
b boundary components and n marked points.
When considering embeddings of surfaces in 4-manifolds, we have an additional purely topological
invariant to consider: the normal Euler number. One can define the normal Euler number of an




[F ] of an embedding (X4, F 2) as an evaluation of a certain characteristic
class associated to the normal bundle ν(F ) for the embedding, defined using cohomology with local
coefficients. Whitney proposed the notion of a normal Euler class and conjectured constraints on its
value for non-orientable surfaces in 4-manifolds. Massey subsequently verified Whitney’s conjecture
[Mas69], see 1.2.2.4 below. Here we define only the normal Euler number geometrically in the spirit
of common definitions found, e.g., in [CKS04]: e(F ) is the signed sum of intersections of F with a
generic push off F ′ of F , with sign determined by comparing the local orientations to those induced
by X. For closed orientable surfaces embedded in S4 the normal Euler number always vanishes, while
for closed non-orientable surfaces embedded in S4 we obtain an invariant of the embedding which
can tell us about the “chiralities” of projective plane summands. We will revisit the normal Euler
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number below in 1.2.2; for now we state a crucial relationship connecting the normal Euler number
of a surface to the signature of the 4-manifold obtained as the double branched cover ramified along
that surface.
Theorem 1.2.1 (Hirzebruch-Nenashev-Netsvetaev-Viro signature theorem). Suppose X4 and Y 4
are closed smooth 4-manifolds, and : Y → X is a nonsingular 2-fold branched covering map with
properly embedded smooth branch set F ↪→ Y , and let B = f(F ) be the branch locus, which is















σ(Y ) = 2σ(X)− e(F ) = 2σ(X)− 1
2
e(B) .
This theorem is a special case of Viro’s generalization[Vir84] of the Hirzebruch signature theorem
to give signatures of cyclic branched covers of 4k-manifolds. Viro reports that the theorem was
conjectured to him during a seminar at Leningrad University, after which special cases were proven
by Viro’s colleagues: the case of k = 4 was proven by Netsvetaev and the statement for double
branched covers was proven by Nenashev.
Further notations involving self-diffeomorphism groups of surfaces and mapping class groups,
involutions and their fixed sets, and other machinery will be introduced in §2.1
1.2.2 Knotted and unknotted surfaces
By a surface knot we will always mean a smooth embedding Σ ↪→ X4 of a surface Σ into a
4-manifold, with image typically denoted by F (possibly decorated with primes or subscripts if more
than one such embedding is in play.) In this subsection we extend classical definitions, which were
largely produced with X4 = S4 or perhaps a homotopy 4-sphere in mind as the ambient space, to the
setting of more arbitrary smooth 4-manifolds, in order to make sense of notions of unknottedness,
(ir)reducibility, and (un)linking of surface knots in a more general 4-manifold setting.
Due to dependencies of the various desired definitions, we must begin with “external” connected
sums of surface embeddings before we discuss unknotting of orientable surfaces. We then proceed
to examine unlinking of surfaces, consideration of which is needed for a consistent notion of internal
connected sums, whereupon we can define unknottedness for non-orientable surfaces, and finally, we
extend Livingston’s notions of irreducibility and indecomposability to the general X4 context. We
include some elementary examples to help illustrate the distinctions being made in our definitions.
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1.2.2.1 Connected sums of pairs
One can extend the connected sum operation to pairs; we first introduce “external” connected
sums of embeddings in S4, in the spirit of Haefliger’s original notion of connected sums of sphere
pairs, introduced in [Hae62].
Definition 1.2.15 (Connected sum of knotted surfaces in S4). Given smooth embeddings (S4, F )
and (S4, F ′) of surfaces in the 4-sphere, one forms the connected sum (S4, F#F ′) := (S4, F )#(S4, F ′)
of the embeddings by removing sufficiently small D4 neighborhoods U of a point p ∈ F and U ′ of
a point p′ ∈ F ′, and identifying the resulting boundary 3-spheres by an orientation reversing diffeo-
morphism, where,
1. as in the case of a regular connected sum, we require that the gluing diffeomorphism extends
to a diffeomorphism of the D4 neighborhoods U ∼= U ′,
2. the gluing diffeomorphism restricted to ∂(F −U) identifies ∂(F −U) and ∂(F ′ −U ′), forming
the connect sum of the submanifolds F and F ′
We may generalize this to a connected sum of pairs where the ambient manifolds may be arbitrary
4-manifolds:
Definition 1.2.16 (Connected sum of knotted surfaces). Given smooth embeddings (X,F ) and
(X ′, F ′), one forms the connected sum of the embeddings by removing sufficiently small D4 neigh-
borhoods U of a point p ∈ F and U ′ of a point p′ ∈ F ′, and identifying the resulting boundary
3-spheres by an orientation reversing diffeomorphism, so as to form connected sums of both the
ambient manifolds X and X ′, and their submanifolds F and F ′.
This construction is inherently “external” when neither X nor X ′ is a homotopy S4, in the sense
that the result is entirely dependent on the choice of X and X ′, even if the local structure of the
embeddings might be suited to sitting in many possible choices of ambient 4-manifold. In particular,
splitting an embedding into two such pieces depends on the ability to split the ambient space into
desirable pieces. One can of course imagine instead a notion of “internal” connected sums of surface
embeddings in arbitrary 4-manifolds, including irreducible 4-manifolds which do not decompose as
connected sums with nontrivial summands; one has to “tube” together two embeddings in a well
defined way within the ambient space X. We will make this notion of tubing more precise, after we
define notions of unknotted embeddings of surfaces, as well as unlinked surface embeddings.
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1.2.2.2 Unknotted and unlinked surfaces
For closed orientable surfaces, in analogy to the fact that an unknotted circle in S3 bounds a disk
in S3, we will define unknottedness in terms of bounding a suitably trivial Seifert solid, namely, a
handlebody. This notion was first proposed by Fujitsugo Hosokawa and Akio Kawauchi in [HK79] in
the piecewise-linear category. By now, the smooth and topological generalizations are well known.
Definition 1.2.17. Define a smooth or topological embedding F ↪→ X4 of a closed orientable genus
g surface Σg in the 4-manifold X
4 to be smoothly or topologically unknotted, respectively, if it bounds
a smoothly or topologically embedded genus g handlebody Hg := \g S
1 × D2 ↪→ X4: F = ∂Hg .
The genus zero case corresponds to embedded spheres bounding a 3-ball, and thus, to a notion of
an unknotted 2-knot in X4.
We will say an embedded compact surface with boundary F ∼= Σbg is smoothly (topologically)
unknotted in X if there exists a smoothly (topologically) unknotted closed surface F ′ such that
there are b smoothly (topologically) disjointly embedded 2-disks D1q . . .qDb ↪→ F ′ ↪→ X such that
F = F ′ − (D̊1 q . . .q D̊b).
We adopt the following notation: for an orientable surface of genus g with b ≥ 0 boundary
components embedded in X as an unknotted surface, we write (X,Σbg). Thus, e.g., (X,Σ0) is an
unknotted sphere (or “2-unknot”) embedded in X, (X,Σ1) is an unknotted torus embedded in X,
while (X,Σ10) is an unknotted annulus in X.
We also define unlinked surfaces, first in S4 in the spirit of the unlinking present in Hosokawa and
Kawauchi’s definition of a trivial surface link in S4 (which are also called unknotted and unlinked
surfaces in S4) [HK79].
Definition 1.2.18. Two embedded surfaces F and F ′ in S4 are unlinked if there exist disjoint D4
neighborhoods U and U ′ containing F and F ′ respectively. If F and F ′ are furthermore unknotted,
then we say that F qF ′ is a trivial surface link, or equivalently, we say F and F ′ are unknotted and
unlinked.
Remark 1.2.2. It is tempting to define an unlink in a general X4 by simply stipulating that one
can find D4 neighborhoods of the surfaces which are disjoint, however, this would then preclude
situations where surfaces are embedded so as to “carry some π1(X) or π2(X)”; one can for instance
produce pairs of spheres in X = #2S2×S2 or pairs of tori in Y = #2S1×S3 which can respectively
be bounded away from each other in X or Y , but not via disjoint 4-ball neighborhoods. Thus,
to extend our notion of unlinked embedded surfaces to surfaces with nontrivial small homotopy
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groups, we need to allow for greater nuance. Our next definition thus generalizes the notion of
unlinked surface embeddings to arbitrary 4-manifolds, to admit unlinking phenomena more rich
than unknotted unlinks in S4.
Definition 1.2.19. A pair of surfaces F and F ′ embedded in X4 are unlinked in X if they possess
disjoint neighborhoods ν(F ), ν(F ′) such that one of the following separation conditions holds:
(i.) There exists aD4 neighborhood containing either F or F ′ which is disjoint from a neighborhood
of the other surface, or
(ii.) There exists an embedded (not necessarily connected) reducing 3-manifold M ↪→ X disjoint
from ν(F ), and ν(F ′) such that any arc connecting F to F ′ intersects M .
We say F and F ′ are standardly unlinked, or constitute a split surface link if the first separation
condition holds. Note that the second condition can hold in situations where the first does not, as
described in example 1.2.2.1 below, indicating that there are indeed unlinked surfaces in some X4
in the above sense which are not split surface links. We will name some special cases of generalized
unlinking arising from the second separation condition momentarily.
Remark 1.2.3. In the first possible separation condition, if we say without loss of generality that
F ′ possesses the D4 neighborhood disjoint from ν(F ), then the notion of unlinking corresponds to
the possibility of splitting off an (S4, F ′) summand from (X,F qF ′), with F possibly carrying some
of π1(X) or π2(X): (X,F qF ′) = (X,F qΣ0)#(S4, F ′), where connected sum is performed along a
neighborhood of a point on the unknotted sphere Σ0 in the first summand and any point of F
′ ↪→ S4
in the second summand.
The second possible separation condition generalizes to allow unlinking through more general
connected sum decompositions or fiber sum decompositions of X, with F and F ′ embedding in
different pieces of the decomposition, or as disjoint fibers in a fibration. This motivates the following
naming convention.
Definition 1.2.20. For an embedding (X,F q F ′) of disjoint surfaces F and F ′ satisfying the
separation condition (ii) above,
• we say F q F ′ is unlinked through connected sum decomposition if the reducing manifold M3
is an embedded S3 not bounding D4 in X, since in this case X = X1 #X2 with F ↪→ X1 and
F ′ ↪→ X2;
• we say F q F ′ is unlinked through fiber sum decomposition if the reducing manifold M3 is an
embedded S1-bundle over a surface Σ such that X can be written as a generalized fiber sum
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X1 #ΦX2 with F ↪→ X1 and F ′ ↪→ X2 and M3 is the inclusion into X of the glued boundaries
of the fiber neighborhoods under the gluing map Φ;
• we say F and F ′ are unlinked as fibers of the fibration $ : X → B2 if there exists a 2-manifold
B and a fibration map $ : X → B2 such that $(F ) 6= $(F ′) are regular points in B that
can be separated by a simple closed curve γ ↪→ B which avoids the critical locus of $. A
separating and reducing 3-manifold in X is then given by M = $−1(γ).
Example 1.2.2.1. Let H = L0 qL1 denote a Hopf link in S3, and consider the embedded surfaces
(X,F0) = (S
1 × S3, S1 × L0) and (X,F1) = (S1 × S3, S1 × L1). The surfaces are clearly disjoint
embeddings of tori, both carrying a generator of π1(S
1×S3) ' Z, whence they cannot be separated
by embedded D4’s, and so are not standardly unlinked. We might say they are standardly linked
tori in S1 × S3.
However S1 × H is unlinked through fiber sum: let T be a torus giving a genus one Heegaard
splitting of S3 such that L0 lies as the core of one of the solid tori in the decomposition, and L1 lies
as the core of the other. Then S1×T is a reducing 3-manifold for X: X is realizable as a generalized
fiber sum: Σ1×D2 #Φ Σ1×D2 where the “fiber” surface can be identified via projection to S3 with
T = S1× ∂ν(L0), and (after identifying ∂ν(T ) ∼= ∂D2×T ) the gluing map Φ : ∂D2×T → ∂D2×T
is given by the map id× τ where τ is the orientation reversing involution which swaps the S1 factors
of the torus fiber T . Any arc α connecting S1 ×L0 to S1 ×L1 is isotopic to an arc which is a lift of
some arc in S3 connecting L0 and L1, which implies any such α intersects S
1 × T in S1 × S3, and
so the reducing 3-torus S1 × T separates S1 × L0 and S1 × L1 as required.
1.2.2.3 Internal connected sums
We can form an internal connected sum if we “tube” disjoint surface embeddings F and F ′
together, in which case we first identify an arc α, the core of the tubing (also called an oriented cord
[Kam14]), whose interior α̊ is disjoint from F qF ′ with boundary incidences ∂−α ↪→ F , ∂+α ↪→ F ′.
We then glue the embeddings together to a new embedded surface F#AF
′ by first removing the
interiors of disksD = ν(∂α)∩F andD′ = ν(∂α)∩F ′ from FqF ′, connecting F and F ′ together via an




(F ′ − D̊)q (F ′′ − D̊′)
)
∪∂ A ,
where “∪∂A” we mean that the surfaces are glued to ∂A along ∂D and ∂D′ in the obvious way.
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A priori this is dependent on choice of A ⊂ ν(α). However, if F and F ′ are standardly unlinked,
and A is chosen to sit unknotted as an embedding (ν(α), A) ∼= (D3 ×α,Σ20) with the orientations of
D and D′ induced by inclusion into F and F ′ opposite to those induced if regarding D∪A∪D′ as an
oriented submanifold, then we obtain a well defined notion of internal connected sum, independent
of choices of the tube core α and an associated unknotted annulus A. This follows from the fact
that ν(α) ∼= D4 possesses a unique isotopy class of embedding in X4 (if we allow the embeddings
of F and F ′ to be isotoped as well–since they are standardly unlinked, we can isotope their relative
positions by migrating a D4 neighborhood containing one summand), while unknottedness of A in
ν(α) ensures that A is isotopic to an annular boundary of a 3-dimensional tubular neighborhood of
α in a D3 slice of ν(α) containing α, whence any choices of α together with an unknotted A as
required are isotopic within X.
The above discussion makes clear that our definition of tubing along an unknotted annulus is
equivalent to a surgery that connects the surfaces by removing disks and joining the boundaries to
the annular portion of the boundary of an embedded 3-dimensional 1-handle with attaching regions
at the disks removed from each surface. However, it may not be the case that there is a simple
handlebody bounded by the resulting surface, as it may be knotted, and the interior of the attached
1-handle does not necessarily graft onto Seifert solids for F and F ′— it may even happen that the
only Seifert solids bounded by these surfaces overlap in a region containing the handle, in which
case tubing is akin to drilling out a solid 3-dimensional 1-handle from a cobounded Seifert solid of
the associated surface link F q F ′.
We also remark that one can self-tube a surface, and, by choosing the annulus carefully, one
can self-tube in an orientation reversing manner: consider a tubing of a 2-unknot (S4,Σ0) along an
arc α connecting disjoint points of Σ0, and choose an annulus A such that a small perturbation of
interiors of the associated disks D and D′ transversely intersect Σ0 at the boundary points of α with
equal local intersection signs when orienting D and D′ naturally as boundary caps of an annulus A
with core α. Then gluing such an A in the non-orientable fashion yields a Klein bottle Kb in S4 of
normal Euler number 0. We might reasonably write Kb = #AΣ0 to denote such a non-orientable
self tubing.
Such tubing/handle attachment surgeries were employed by Baykur and Sunukjian in [BS16]
to show that smooth knotting of surfaces is not a stable phenomenon, in the sense that attach-
ing an equal number unknotted handles to smoothly knotted surfaces in oriented X4 stabilizes the
embeddings to become smoothly equivalent, provided the initial embeddings are in the same homol-
ogy class in H2(X;Z). This stabilization operation is easily expressed as an orientable self-tubing
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(X,F )  (X,F )#(S4,Σ1) or a non-orientable self-tubing (X,F )  (X,F )#(S4,Kb) where Kb is
the unknotted Klein bottle of normal Euler number 0.
We will henceforth assume that tubings are always taken along unknotted annuli though we will
not necessarily assume splitness of F q F ′. We also assume that all tubes are attached so as to
preserve orientability of oriented surfaces unless otherwise indicated by the “#A” notation. In the
sequel we write (X,F#F ′) to mean the internal connected sum of standardly unlinked surfaces along
such an unknotted annulus, which is well defined by the above discussion. With these conventions
we can now make the notion of internal connected sum decomposition precise in the language of
tubing:
Definition 1.2.21 (Internal connected sum decomposition of surfaces). We say that an embedding
(X,F ) decomposes nontrivially as an internal connected sum of knotted surfaces if there exist surface
embeddings (X,F ′) and (X,F ′′), neither of which is an embedded unknotted 2-sphere, such that
(X,F ) = (X,F ′#AF
′′) for some unknotted annulus A.
We say F splits as an internal connected sum if there are standardly unlinked surfaces F ′ and F ′′
embedded in X, neither of which bounds a 3-ball, and F is obtained by tubing F ′ and F ′′ together
via an annulus partially bounding a 3-dimensional 1-handle with core given by an arc α connecting
some point of F ′ to some point of F ′′, with the handle interior ν̊(α) disjoint from F ′ q F ′′. In this
case we may express the decomposition as (X,F ) = (X,F ′#F ′′) = (X,F ′)#(S4, F ′′).
Remark 1.2.4. For F which splits as a connected sum of standardly unlinked surfaces we now justify
the above expression of the internal connected sum decomposition using the external notation. We
may assume without loss of generality by standard unlinking that F ′′ possesses a D4 neighborhood
disjoint from F ′ in X. Similarly, any sum of this form can be seen to correspond to an internal
sum by regarding F ′′ as embedded in X (using any embedding D4 ↪→ X). It follows that there is a
diffeomorphism
(X,F ) = (X,F ′#F ′′) ∼= (X,F ′)#(S4, F ′′).
In such instances of splitting as an internal connected sum of unlinked surfaces, we can freely misuse
our own terminology and notation, conflating the external sum (X,F ′)#(S4, F ′′) with an internal
sum (X,F ′#F ′′).
Example 1.2.2.2. Any unknotted orientable surface F ∼= Σg in X which doesn’t carry any π1(X)
can be regarded as an internal connected sum of unknotted and standardly unlinked tori. To see
how, choose an embedding Σ11 ↪→ F such that the image of ∂Σ11 is a separating curve on F bounding
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a 2-disk D in the interior of a Seifert solid handlebody Hg. We can thicken D to a neighborhood
ν(D) which engulfs an annulus A = νF (∂D) embedded in F . The neighborhood νHg (D) of the
disk D in the handlebody Hg is a solid cylinder filling A, and ∂νHg (D) = D− ∪ A ∪ D+ for a
pair of disks D− and D+ isotopic and parallel in Hg to D. Let F
′ be the image of the embedding
Σ11 ↪→ F with a collar of its boundary removed and capped with the disk D−, and let Hg−1 be
the obvious induced embedding of a genus g − 1 handlebody bounded by the surface F ′′ formed
by removing ν̊Hg (D) from Hg and capping the resulting Σ
1
g−1 with D+. Since neither F nor F
′
carry any π1(X), the inclusions F = ∂Hg ↪→ Hg ↪→ X, F ′ ↪→ X, Hg−1 ↪→ X all must induce
trivial homomorphisms of their fundamental groups to π1(X). Hg and Hg−1 as well as the solid
H1 = Hg −Hg−1 are therefore in fact contractible in X (since they retract onto wedges of circles,
none of which carry any π1(X)), whence F , F
′, and F ′′ are indeed nullhomotopic. Further, F ′ and




can be isotoped to be separated within a pair of disjoint
D4 neighborhoods D4F ′ and D
4
F ′′ . Clearly, F = F
′#AF
′′ using the unknotted annulus A. It follows
moreover that
(X,F ) = (X,F ′#F ′′) ∼= (X,F ′)#(S4, ∂Hg−1)




where the final diffeomorphism follows from the fact that F ′ itself is necessarily unknotted and thus
bounds an embedded S1×D2. That (X,F ) ∼= (X,Σ0)#g(S4,Σ1) expresses that F may be regarded
as the internal connected sum of any 2-unknot in X with g unknotted tori.
Example 1.2.2.3. Denote by (CP1 × CP1,RP1 × RP1) the embedding of a torus Σ1 into the
Hirzebruch surface CP1 × CP1 ∼= S2 × S2, where RP1 ↪→ CP1 can be regarded as the embedding
of S1 into the Riemann sphere CP1 as the fixed set of the conjugation involution. We can use
this embedding to construct an embedding F of a genus g surface Σg in X = #gCP1 × CP1 as
an equivariant connected sum of pairs #g(CP1 × CP1,RP1 × RP1); we explore the conjugation
equivariance of this construction in example 2.2.1.1.
The embedding F bounds a genus g handlebody in X: RP1 bounds a pair of disks D2± in CP
1
which are exchanged by conjugation — D2+ can be thought of as the closure of the upper half plane
in CP1, and D2− is its image under conjugation — whence D2+ ×RP
1 ↪→ CP1 ×CP1 is a solid torus,







is unknotted. It follows that we can reduce F in two ways: by
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decomposing the ambient space into CP1 ×CP1, or as an internal connected sum of unknotted and
unlinked summands




where F ′ ∼= S2 is the unknotted sphere that remains after surgery along a choice of g compression
disks (given, e.g., by D2+ × {∗} in each summand).
We can explicitly see how this internal sum can be intrinsically constructed via tubing: any
torus realized as a boundary ∂(D2 × S1) for D2 × S1 embedded in CP1 × CP1 (with D2 a disk in
the first factor, and S1 a circle in the second) is ambient-isotopic to RP1 × RP1, whence we can
choose an unknotted torus isotopic to RP1×RP1 in each CP1×CP1 summand, and then tube these
together by annuli which “pass through the necks” connecting the summands of X, to obtain an
embedding (X,Σg) ambient-isotopic to F , which realizes the isotopy class of F as a connected sum
of g unknotted tori embedded in X.
1.2.2.4 Unknotted non-orientable surfaces
For non-orientable surfaces, one needs a more subtle definition of unknottedness. A standard way
to define unknotted non-orientable surfaces is to first define unknotted projective planes as embed-
dings in D4 that lift a standard immersed cross-cap in D3, and then to define general unknottings
using connected sums. Topologically, there are two standard embeddings of the real projective plane
into a 4-ball, distinguished by their normal Euler numbers.
Denote by (D4,RP2) the unknotted embedding with normal Euler number −2, and by (D4,RP2)
the embedding with normal Euler number 2. One can then embed an unknotted projective plane
of either normal Euler number into a 4-manifold X4 by embedding one of the pairs (D4,RP2),
(D4,RP2) in X4. We employ this same notation when describing the corresponding embeddings
in S4: (S4,RP2) is just the embedding obtained by regarding D4 ∼= D0 × D4 as a 4-dimensional
0-handle, and capping this by a 4-dimensional 4-handle D4 ∼= D4 × D0 to obtain a normal Euler
number −2 embedding of the projective plane in S4 = (D0 ×D4) ∪∂ (D4 ×D0) ; (S4,RP
2
) is the
resulting normal Euler number +2 using the same construction with the mirrored embedding of the
projective plane.
In the case of unknotted embeddings of non-orientable surfaces in S4, the above definitions can
also be understood as arising from the following construction: consider the complex conjugation
involution conj : CP2 → CP2 given by [z0 : z1 : z2] 7→ [z̄0 : z̄1 : z̄2], and note that (CP2)conj = RP2,
with normal Euler number −1. We will denote this embedding by (CP2,RP2−1). In 2.2.1.1 we discuss
the folklore result that CP2/ conj ∼= S4; from this together with, say, the Hirzebruch-Nenashev-
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Netsvetaev-Viro signature theorem 1.2.1 for double branched covers of 4-manifolds, it is readily
deduced that the projection of the fixed set RP2 ↪→ CP2 to the quotient S4 is an embedding of
RP2 with normal Euler number −2. Reversing the orientation of CP2 and following the same line
of reasoning gives the embedding (S4,RP2) of the normal Euler number +2 real projective plane in
the 4-sphere as the branch locus for the double branched covering (CP2,RP2+1) (S4,RP
2
), where
(CP2,RP2+1) has normal Euler number +1. We now turn to other non-orientable embeddings in S4.
Whitney conjectured that the possible normal Euler numbers of closed connected nonorientable
surfaces in S4 fell into the set of integers {2χ − 4, 2χ, 2χ + 4, . . . , 4 − 2χ}, where χ is the Euler
characteristic. Massey answered this conjecture affirmatively8 and moreover demonstrated that
every one of Whitney’s conjectured values for the normal Euler number was attainable by some
non-orientable surface in S4. We describe the essence of Massey’s construction: take a connected
sum X = pCP2#qCP2 for integers p and q, and consider the real involution c on X that extends
the conjugation map on CP2 and CP2 summands. Then the fixed set is an embedded surface
homeomorphic to #(p + q)RP2. The quotient X/c is still S4. Since the normal Euler number is
additive with respect to relative connected sums, we deduce that the embedding F has normal Euler
number 2(q − p).
1.2.2.5 Irreducibility and indecomposability for embedded surfaces
We remind the reader of the definitions of irreducibility, stable irreducibility, and indecom-
posability of closed connected orientable surfaces in S4, in the senses introduced by Livingston
in [Liv85, Liv88]:
Definition 1.2.22. A closed connected orientable genus g surface Σg embedded in S
4 with image F
is smoothly irreducible in S4 in the sense of Livingston if there is no orientation preserving diffeomor-
phism between (S4, F ) and (S4, F ′)#(S4,Σ1) where (S
4,Σ1) is the standard unknotted embedding
of a torus in S4, and F ′ ∼= Σg−1. There is also a notion of stable irreducibility : a smoothly embedded
orientable surface (S4, F ) is stably irreducible if there is no orientation preserving diffeomorphism
between (S4, F#Σg) and (S
4, F ′)#(S4,Σg′) for g
′ > g, where (S4,Σg) ∼= #g(S4,Σ1) is the standard
unknotted genus g surface.
8Massey’s proof relies on the Atiyah-Singer index theorem, and the argument more generally works even in a
not-necessarily simply connected integral homology 4-sphere. Kamada gives an alternative proof in [Kam89] with a
heavier emphasis on techniques from modern/classical geometric-topology. Both proofs rely on the algebraic topology
of the double branched cover of S4 with branch locus the surface in question.
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A closed connected orientable surface (S4, F ) is indecomposable in the sense of Livingston if there
exists no decomposition of it as a connected sum (S4, F ) = (S4, F ′)#(S4, F ′′) of surfaces F ′, F ′′ of
lower genus (where either or both summands may be knotted.)
Stably irreducible surfaces are of course irreducible (take g = 0, and g′ = 1). Livingston con-
structs his families of stably irreducible surfaces in S4 via connected sums of knotted 2-spheres with
families of spun tori, which are related to classical knot spinning. The resulting knotted surfaces
have complements whose fundamental groups are related to classical knot groups, and Livingston’s
proof of stable irreducibility relies on combinatorial properties of these fundamental groups. Thus
these examples of Livingston are also topologically irreducible: if we replace diffeomorphisms by
homeomorphisms in our definitions, we still find no nontrivial decompositions of these surfaces or
their stabilizations via connected sums with (S4,Σ1).
In his later paper [Liv88], Livingston constructs examples of indecomposable surfaces embedded
in S4. The proofs of indecomposability hinge on showing that the fundamental groups of the
complements are unable to be split into certain amalgamated free products. These are again purely
topological arguments and so the indecomposability is a topological phenomenon for these examples.
We will adopt a slightly different general terminology which better parallels the use of the term
“irreducible” as it occurs in 4-dimensional topology in the wake of the Freedman-Donaldson results.
We make no assumptions on orientability of the abstract surface Σ for our definition.
Definition 1.2.23. We say an embedded surface Σ ↪→ X4 with image F is smoothly (respectively,
topologically) reducible if there is a diffeomorphism (respectively, homeomorphism) of pairs (X,F ) ∼=
(X ′, F ′)#(X ′′, F ′′) where neither F ′ nor F ′′ are embedded9 S2’s. If no such decomposition exists,
then we say the embedding F is irreducible in X.
Internal reducibility or reducibility in X is just reducibility with one of the 4-manifold summands
taken to be the 4-sphere, such that the surface summand it contains is not a 2-sphere. This is justified
by the above discussion of connected sum decompositions of unlinked surfaces. An argument could
be made that the notion of internal reducibility should allow one to use homotopy 4-spheres as one
of the summands. As it is unknown if smooth homotopy S4’s are all diffeomorphic to the standard
S4, making this allowance in the definition of reducibility could further complicate the distinctions
9For technical reasons, even for smooth reducibility, we exclude the possibility of reduction by splitting off an
S2. Without the aforementioned caveat, a few issues arise, and the theorem 1.3.1 would require a caveat: either the
surfaces constructed would be irreducible (with the less restricted definition), or their double branched covers (which
we show are irreducible as 4-manifolds) can equivariantly split off homotopy S4’s which are branched over knotted
S2s. Since we know of no means of addressing this latter possibility or concerns it might raise regarding the smooth
Poincaré conjecture, we opt to exclude the possibility definitionally.
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between smooth and topological reducibility of smoothly embedded surfaces, but too little is known
at present for the author to believe that this choice matters for the cases of consideration herein.
Nevertheless we will always assume that reducibility of smooth surfaces can be accomplished via
connected sums with an ambient smoothly standard S4, so that the embedding topology itself
remains of primary interest.
1.3 Main results
1.3.1 Irreducible embeddings via equivariant surgeries
Our first result is a generalization of the results of Finashin-Kreck-Viro in [FKV88] and Finashin
in [Fin09]:
Theorem 1.3.1. For each l ∈ {5, 6, 7, 8, 9}, there exist infinite families F±l = {F
±
k,l}, k ∈ Z>0 of
embedded surfaces F±k,l ↪→ S4 such that
(i) Each F±k,l, viewed as an abstract surface, is homeomorphic to #(1 + l)RP
2, and has normal
Euler number ±(2l − 2)
(ii) The pairs (S4, F±k,l) and (S
4, F±k′,l) are nondiffeomorphic whenever k 6= k′, and are irreducible.
Though the constructions we present for l = 6, 7, 8, and 9 are new in the literature, they
are modifications of Finashin’s constructions for l = 5, using simpler configurations for rational
blowdown. Our constructions follow closely the ideas of [Fin09], building the surfaces as the images
of real fixed sets under quotient by the action of a real involution. The double branched covers of S4
along the surfaces F+k,l are exotic simply connected 4-manifolds homeomorphic to CP
2#lCP2, and
the branched covers of S4 along F−k,l are mirrors of the aforementioned exotica, i.e., they are exotic
simply connected 4-manifolds homeomorphic to CP2#lCP2. The construction for l = 5 presented
in [Fin09] is irreducible, as we discuss, but Finashin’s exotic knotting families for l > 5 are reducible,
since they are obtained from his normal Euler number 8 examples by real blow ups of the branch
covers, followed by taking the quotient by the real action. Thus, the key feature of this theorem
is that we present smoothly irreducible constructions filling gaps for non-orientable surfaces in S4
with admissible normal Euler numbers with absolute value between 10 and 16. In our proof of
theorem 1.3.1 we also provide a new construction for l = 9 avoiding rational blowdowns, which we
show is irreducible.
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1.3.2 Equivariant symplectic sums
Robert Gompf [Gom95] and independently, McCarthy-Wolfson [MW94] introduce symplectic
connected sums. The symplectic connected sum M1 #ψM2 is determined by a fiber orientation
reversing isomorphism ψ of normal bundles νi = ν(Ni) associated to embedded symplectic subman-
ifolds N ∼= Ni ↪→ Mi of the symplectic manifolds M1 and M2 possessing tubular neighborhoods
νi = ν(Ni) of opposite normal Euler numbers. The construction assumes that the symplectic sub-
manifolds N1 and N2 are symplectomorphic, possibly after perturbing the symplectic structures on
M1 and M2. The resulting fiber summed manifold is symplectic, inheriting a symplectic structure
in a natural way from the symplectic structures on the summands. It is shown that ψ can be chosen
isometrically along with appropriate choices of fiber metrics on νi, and in fact may be determined by
an orientation preserving self-diffeomorphism of N ; lift such a self-diffeomorphism to determine a dif-
feomorphism Φ̃: ν1 → ν2, and pre-compose with an area-preserving involution that turns punctured
fiber disks “inside out” to produce ψ (Gompf provides such an involution explicitly).
Our next theorem shows that generalized fiber sum can be performed equivariantly with respect
to Z/2Z actions of real involutions, and subsequently, we specialize the construction of symplectic
sums to the real-symplectic setting, giving conditions to construct equivariant sums with respect to
the Z/2Z-actions of real involutions that preserve real-symplectic (or real-holomorphic structures).
Theorem 1.3.2 (Equivariant generalized fiber sum).
A. Suppose (X4, c) is a 4-manifold with a real involution cX , and (Σ, cΣ) is a 2-manifold, with
real involution cΣ, such that:
(i) there exists a pair of disjoint embeddings j1, j2 : Σ ↪→ X, Fi = ji(Σ), i = 1, 2,
(ii) the embeddings are equivariant, meaning cX |Fi = ji ◦ cΣ, and
(iii) there exist equivariant tubular neighborhoods ν1 = ν(F1), ν2 = ν(F2), possessing a fiber
equivariant orientation reversing isomorphism ψ : ν1 → ν2.
Then there is a gluing map Φ: ∂ν1 → ∂ν2, and the manifold
#ΦX :=
(






possesses a natural real structure, with real involution c#ΦX which restricts to cX relative to
the inclusion of X − (̊ν1 q ν̊2) into #ΦX.
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B. Let (X1, ω1, c1) and (X2, ω2, c2) be real symplectic 4-manifolds, with (X1, F1) and (X2, F2) sym-
plectic embeddings of a closed surface Σ, such that Fi is invariant by ci, i = 1, 2, and such that
there exist c1 and c2 equivariant neighborhoods ν(F1) and ν(F2) respectively, with e[ν(F1)] =
−e[ν(F2)]. If the pullbacks of the involutions ci|Fi to Σ are conjugate in Diff(Σ), then there
exists a diffeomorphism Φ̃ : ν(F1) → ν(F2) such that the restriction Φ = Φ̃|∂ν(F1) : ∂ν(F1) →
∂ν(F2) provides an orientation reversing diffeomorphism and the corresponding symplectic
sum X1#ΦX2 possesses a real-symplectic involution c which matches ci when restricted to
Xi − ν̊(Fi), i = 1, 2.
At the level of smooth topology, theorem 1.3.2.B is the special case of 1.3.2.A where X = X1qX2
is a disconnected manifold, and the result is a real generalized fiber sum of the real 4-manifolds
(X1, c1) and (X2, c2) (where ci = cX |Xi is just the restriction of the real involution to the component
Xi, i = 1, 2). But we obtain further structure by ensuring that X1 and X2 are real-symplectic, as
are the embeddings F1 and F2. We denote the new real-symplectic manifold
(X1#ΦX2, ω, c)
where ω is the new symplectic form and c is the new real-symplectic involution.
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CHAPTER 2
REAL STRUCTURES AND EQUIVARIANT SURGERIES
2.1 Real involutions on surfaces
2.1.1 Diffeomorphisms and mapping class groups of surfaces
Before we describe real involutions on surfaces, we consider mapping class groups. Mapping
classes and surface diffeomorphisms play a role in understanding the classification of real involutions
on surfaces. The interested reader may consult the resource [FM12] for a thorough treatment of
mapping class group theory for surfaces.
Definition 2.1.1. For a surface Σ, Diff(Σ) denotes the group of diffeomorphisms f : Σ→ Σ and for
Σ an oriented surface Diff+(Σ) denotes the subgroup of Diff(Σ) consisting of orientation preserving
diffeomorphisms. The group Diff0(Σ) is identity component in Diff(Σ) (note it is also a subgroup of
Diff+(Σ)). If ∂Σ is nonempty, we may define relative diffeomorphism groups, such as Diff(Σ; ∂Σ),
which consists of all diffeomorphisms which fix the boundary pointwise (i.e., diffeomorphisms re-
stricting to the identity on ∂Σ).
Definition 2.1.2. The group Mod(Σ), called the mapping class group of the surface Σ is the group
of diffeomorphisms (fixing the boundary) of Σ up to isotopy, i.e.,
Mod(Σ) := Diff+(Σ; ∂Σ)/Diff0(Σ; ∂Σ) .
Note that Mod(Σ) may be naturally identified with π0 Diff
+(Σ; ∂Σ). A representative ϕ ∈ Mod(Σ)
of a diffeomorphism f ∈ Diff+(Σ; ∂Σ) is called a mapping class.
By studying mapping class groups instead of diffeomorphism groups, one can reduce many prob-
lems to the study of geometric and combinatorial properties of mapping classes. In particular,
mapping class groups of orientable surfaces admit presentations in terms of a particularly simple
type of mapping class supported in a neighborhood of an embedded two-sided simple closed curve,
and well understood relations between such classes.
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Definition 2.1.3. A right handed Dehn twist is a mapping class tc ∈ Mod(Σ) supported in an
annulus neighborhood A of a two-sided simple closed curve c in Σ, such that it admits a representative
τ as defined below. Choose coordinates on A ∼= S1 × I of the form (ζ, x), ζ ∈ S1 ⊂ C, x ∈ [0, 1].
Then a right handed Dehn twist diffeomorphism τc ∈ Diff+(A; ∂A) twisting along the core circle





where ϕ : I → I is any smooth cutoff function on the unit interval with ϕ(0) = 1, ϕ(1) = 0, e.g.,
ϕ(x) =

1 if x = 0
e1/x
e1/x + e1/(1−x)
if 0 < x < 1
0 if x = 1
.
Figure 2.1.3 illustrates the action of the representative diffeomorphism τc.
Figure 2.1. The action of the Dehn twist τc : S1 × I → S1 × I along the core circle c = S1 × {1/2}
of the annulus S1 × I, illustrated through its action on the arcs {±1} × I.
A left handed Dehn twist is a mapping class inverse to a right handed Dehn twist; these can be





Mapping class groups play an important role in the theory of smooth fibrations $ : E4 → B2,
as detailed in [GS99, Kod63, Ful03]. Suppose a generic fiber is diffeomorphic to a surface F . Then
there is an associated monodromy representation of $, constructed as follows:
1. Fix a regular base point b ∈ B and an identification of F with the fiber Fb = $−1(b) over b;
2. For γ : I → B a representative of any [γ] ∈ π1(B, b), $γ : γ∗(E) → I is a trivial bundle in
a natural way; consider the diffeomorphism (up to isotopy) $−1γ (0) → $−1γ (1) obtained by
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identifying the fibers $−1γ (0) and $
−1
γ (1) with F via the identification chosen in (i). This
determines an element Ψ(γ) ∈ Mod(F ).
We can then define monodromy around singular fibers, e.g., for a simply connected elliptic
fibration $ : E → CP1 or Lefschetz fibration $ : X → CP1: choose a small loop γ around a singular
fiber, and construct the monodromy mapping class as above. E.g., for a nodal fiber or a Lefschetz
singular fiber, it is well known that the monodromy is a right handed Dehn twist around a vanishing
cycle. The vanishing cycle corresponds to a simple closed curve on a regular fiber over γ which
collapses to the nodal point as one approaches the singular fiber. Correspondingly, the singular
fiber neighborhood is obtained from the trivial F bundle over D2 by attaching a 2-handle with fiber
framing −1 along the vanishing cycle of the fiber F0 over 0 ∈ D2.
In the context of singular fibers needed for our constructions, only nodal fibers I1, and the I8
fiber, with monodromy an eighth power of a right handed Dehn twist are needed.
2.1.2 Real involutions up to conjugacy
A self-diffeomorphism f : Σ→ Σ of surface is an involution if it squares to the identity in Diff(Σ).
We briefly consider here the classification of real involutions c : Σ→ Σ for oriented Σ. An involution
of an oriented surface is real if it is orientation reversing, with fixed set either empty or a collection
of embedded curves and arcs. In the case of closed surfaces, a non-empty fixed set consists of ovals,
which are simple closed curves fixed pointwise by the involution. Denote the set of ovals by Σc. We
call a curve c-invariant if it is fixed set-wise.
Real structures on an oriented surface Σg can be classified up to conjugacy in Diff(Σ) by g,
|π0(Σc)|, |π0(Σ− Σc)|, i.e., by genus, number of ovals, and the number of connected components of
the surface obtained by cutting along all ovals. See e.g. [Sep90].
An algorithmic way to construct all real involutions up to conjugacy is to apply equivariant
surgery methods, as described by [Dug19]. Using local models of the Z/2Z equivariant neighborhoods
of ovals, invariant curves, and fixed points (in the case of orientation preserving involutions, which
are not real), one can construct a finite list of pieces, consisting of annuli, Möbius bands, and
spherical caps. Combining these pieces, together with the fact that the unique free real action on
Σg can be modeled by an antipodal action (after suitably attaching handles to an origin centered
sphere), one obtains the classification of Duggar, (ii) of theorem 5.7 in [Dug19]: there are 2+g+b g2c
real structures on Σg up to conjugation in Diff(Σg), represented by
1. For 0 ≤ r ≤ g2 , a reflection action which fixes g − 2r + 1 ovals and exchanges r “holes”
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2. A modified antipodal action, which fixes exactly u curves, 0 ≤ u ≤ g, and can be obtained by
sewing u anti-tubes (S1× iD1, with S1×{0} the fixed locus) onto the the genus g−u surface,
with each anti-tube attached (like a self-tubing) so that its attaching circles are antipodally
exchanged.
2.2 Real involutions on 4-manifolds
2.2.1 Real structures on complex surfaces
2.2.1.1 The quotient of CP2 by conjugation
The “simplest” compact complex surface is the complex projective plane CP2. We recall here
some basic facts about CP2 as a real manifold. Recall that there is an orientation preserving
involution c : CP2 → CP2 given by acting on homogeneous coordinates by conjugation: c([z0 : z1 :
z2] = [z0 : z1 : z2]. The real set is an embedded RP2 with normal Euler number −1.
It is a well known result that the quotient of the complex projective plane by conjugation is S4,
and consequently, CP2 is a double branched cover of S4, with branch locus given by the unknotted
RP2 embedding with normal Euler number −2 [Mas73, Kui74, Law82]. A proof by Kirby calculus
can be found in [AK80]. We opt to briefly recount the argument of Marin in [Mar86]: examining
the effect of conjugation on the line at infinity CP1∞ in CP
2, we see the quotient CP1∞/c is a
locally flat disk D, and one can show there is a diffeomorphism CP2/c ∼=C∞ (CP2/c)/D where the
second quotient is collapse of D; by construction, this final space is homeomorphic to the one point
compactification of (CP2 − CP1∞) = C2/c, the one point compactification being S4.
2.2.1.2 Lifting conjugation to rational and ruled surfaces
Example 2.2.1.1. Recall that in 1.2.2.3 we described an embedding (CP1 × CP1,RP1 × RP1) of
an unknotted torus into the Hirzebruch surface CP1 × CP1 ∼= S2 × S2, such that RP1 × RP1 is the
fixed set of the conjugation involution c = conj× conj, and this embedding can be self-summed to
give an embedding F of a genus g surface Σg in X = #gCP1 × CP1; we need to show this is an
equivariant connected sum of pairs #g(CP1×CP1,RP1×RP1) with respect to the real structure cX
on X = #gCP1 × CP1.
For convenience index the pairs {(CP1 × CP1,RP1 × RP1)i : i = 1, . . . g}, and choose 2g − 2
disjoint “real” points pj ∈ (RP1 ×RP1)j and qj ∈ (RP1 ×RP1)j+1 for j = 1, . . . g− 1, together with
conjugation invariant D4 neighborhoods of each pj and qj . Since each pj or qj is in the fixed set of
the involution cX , we can identify the D
4 neighborhoods ν(pj) and ν(pj) with a bi-disk D2 × D2,
with each disk factor being biholomorphic to a small cX -invariant disk around the corresponding
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point in an RP1 factor, after projection to one of the CP1 factors in the summand. We identify
∂ν(pj) with ∂ν(qj) by pulling back the restriction ϕ of the map ϕ̃ = id× conj : D2 ×D2 → D2 ×D2
to ∂(D2 × D2).
For a rational surface CP2#lCP2, conjugation lifts to a real structure in a straightforward way:
viewing q : CP2#lCP2  S4 as a branched cover with branch locus (S4,RP2#lRP2), we construct c
as the nontrivial Z/2Z deck transformation of the double branched cover; this clearly restricts to the
usual conjugation on each summand, since the branch cover construction is explicitly constructed
by conjugation as above.
2.2.1.3 Real elliptic surfaces
2.3 Surgeries and equivariant modifications
The main scheme for producing examples of interesting smoothly knotted surfaces in S4 is to
construct a manifold which is a branched cover of S4 branched over some surface, and then modify
the branched cover equivariantly, so that the resulting space also has quotient S4, but with a
smoothly modified branch locus. We describe some procedures in this section which accomplish
portions of this scheme, and then review the Finashin constructions upon which we build our proof
of theorem 1.3.1.
2.3.1 Knot surgery and double node surgery
We recall the concept of a double node neighborhood introduced in [FS06]:
Definition. A double node neighborhood U in an elliptic surface S is a fibered neighborhood con-
taining two nodal fibers with the same monodromy.
A consequence of the nodal fibers sharing the same monodromy is that one can locate a −2
sphere (formed by gluing the cores of the 2-handles, which trace collapse of the vanishing cycles.)
Knot surgery proceeds as follows: let T be a homologically essential torus of self intersection 0
(e.g., a regular fiber in an elliptic fibration) in a 4-manifold X, and let K be a knot, such as a twist
knot K(n) (obtained by forming the 2n−1 half-twisted whitehead double of the unknot, as pictured
in figure 2.3.1). Then knot surgery in X along T yields
XK = (X − ν(T )) ∪ϕ
(
S1 × (S3 − ν(K)
)
,
where ϕ identifies the homology class [{∗} × ∂D2] with [∗ × λ] for λ is a longitude of K. The
effect of knot surgery in a double node neighborhood is to remove a disk from a section of the
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fibered neighborhood, and glue in a twice punctured Seifert surface for the knot, and two Lefschetz
thimbles so as to obtain a “pseudosection”: an immersed S2 with a nodal point [FS06].
Figure 2.2. The twist knot K(n) with 2n− 1 right handed half twists.
For a twist knot, this can be done equivariantly, since the twist knot admits a real action
corresponding to the real action Id × conj : S1 × D2 on a solid torus into which K(n) embeds.
As described by Finashin in [Fin09], the knot surgery in the quotient gives rise to a tangle surgery.
2.3.2 Sphere configurations and rational blowdown
Definition 2.3.1. Let Cp denote the four manifold (as in [FS97]) obtained by linearly plumbing
together p−1 disk bundles over S2, with Euler numbers −2 except for the initial disk bundle, which
has Euler number −(p+ 2). There are other convenient ways to regard this manifold:
(a) as a neighborhood of a chain configuration of p−1 spheres, which we may describe by the tuple
of their self intersection numbers, (−p− 2,−2, . . . ,−2) with the understanding that adjacent
entries intersect transversely once positively;
(b) as the double branched cover of D4 over a plumbing surface determined by a two-bridge knot
presented as below in figure 2.3.2 (shown for generalized configurations; replace the half-twists
with the negatives of those of the sequence in (a) above for Cp).
It was known since at least the work of Casson and Harer in [CH81] that the plumbings Cp
are bounded by lens spaces L(p2, 1 − p), and further these lens spaces bound homology balls Bp.
Fintushel and Stern show in [FS97] if a manifold X4 contains a configuration of spheres as in (a)
above (and thus Cp embeds in X
4), then a new 4-manifold can be produced by rational blowdown:
excise Cp and glue in the rational ball Bp. Subsequent work of Jongil Park [Par97] (building on
the work of [CH81]) generalized the procedure of rational blowdown to a larger family of linear
plumbings of disk bundles, again with lens space boundary, and traced the effects of generalized
rational blowdown on Seiberg-Witten invariants.
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Definition 2.3.2. Fix coprime positive integers p and q. Let Cp,q be the manifold obtained from







. . . − 1an
= [a1, a2, . . . , an] .
Observe that Cp,1 = Cp. Generally, Cp,q can be constructed as the double branched cover of
D4 branched along the plumbing surface depicted below in figure 2.3.2 (properly embedded in D4),
with the half-twists determined by the continued fraction sequence [a1, a2, . . . , an] for p
2/(1− pq).
Figure 2.3. A plumbing surface for Cp,q, p and q coprime with
p2
pq−1 = [a1, a2, . . . , an]. Note that
the boxes indicate left handed crossings when the corresponding number ai is positive, since the
sphere in the plumbing will have self intersection −ai in our convention.
Finashin’s construction uses generalized rational blowdown and the idea of characteristic sub-
configurations of chains of spheres; such subconfigurations, which meet a technical criterion (stated
below in lemma 2.3.1), play a main role in demonstrating adequate control over the fundamental
group of the complement of the branch set and branch locus in the quotient.
Definition 2.3.3. Let C be a configuration of spheres. A characteristic subconfiguration W of C is
a union of spheres in C such that the Wu intersection condition is satisfied: Ci ·W ≡ C2i mod 2 for
every sphere Ci in C. In particular, [W ] ∈ H2(C;Z/2Z) is a Wu element, so [W ] is characteristic
for the intersection form QC of the corresponding plumbed 4-manifold.
The following is a restatement of lemma 3.2 of [Fin09].
Lemma 2.3.1. Let (X4, c) be a real 4-manifold and let F be the image of the fixed set Xc in the
quotient X/c, and suppose C ↪→ X is a sphere configuration with all spheres c-invariant, which can
be rationally blown down. Suppose there exists a sphere C0 transversely intersecting C in one point.
Then if QC mod 2 is non-singular and there is a characteristic subconfiguration W ⊂ C which is
not characteristic for C ∪ C0, then rationally blowing down C preserves π1(X/c− F ):
π1(X/c− F ) ∼= π1(X̂/ĉ− F̂ )
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where (X̂, ĉ) is the real manifold resulting from the equivariant rational blowdown along C, and F̂
is the image of fixed set of the new real involution ĉ in the quotient.
The proof follows from a Seifert-Van Kampen argument and analysis of the Wirtinger relations
for the 2-bridge link giving the boundary of the plumbing. For details see the proof in [Fin09].
The effect of equivariant rational blowdown on the embedded surface in the quotient is as follows.
The plumbing surface (e.g., as illustrated in figure 2.3.2) is a portion of the surface F in the quotient,
bounded by a two-bridge knot lying on F ; this knot is slice and the rational ball that replaces the
configuration Cp,q is, by [CH81], a double branched cover of D
4 branched over the slice disk for this
two bridge knot. It follows that the surface is modified by replacing the plumbing surface by the
slice disk in a 4-ball neighborhood bounding the original plumbing region of the surface (with the
two-bridge knot lying in S3 = ∂D4, and the surfaces pushed into the interiors).
2.4 The Finashin constructions
We now summarize the process in Finashin’s constructions.
The starting point for the constructions in[Fin09] is the observation that a real elliptic surface can
be constructed as the blow-up in two real singular points of a real del Pezzo surface XA = CP2#7CP
2
which is a ramified double cover of CP2 branched along a real quartic curve A ⊂ CP2, and that for
a singular quartic A, one can construct a real fibration that resolves the singularities of the ramified
cover XA, e.g., to ensure an elliptic fibration with an I8 fiber (in the Kodaira classification). We
briefly review the construction of the real quartic pencil, its resolution to the desired real elliptic
fibration, and the modifications used to obtain Finashin’s families of surfaces.
2.4.1 A real elliptic fibration
The construction in Finashin uses real blowups of a real quartic curve with an A5 singularity
to obtain a real elliptic fibration with 4 nodal fibers and an I8 fiber. Let T0 denote the I8 fiber,
and T1, T2, T3, and T4 denote the nodal fibers. The fibers T2 and T3 have equal monodromy, and
thus constitute a double node neighborhood suitable for real equivariant double node knot surgery.
See figure 2.4.1 for a schematic. The construction admits several real sections which arise as the
transforms of real tangent lines to the quartic, after blowup and resolution. The section Ex will be
distinguished as becoming the nodal pseudosection after the knot surgery procedure.
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Figure 2.4. A schematic illustrating the fiber structure of the real fibration used by Finashin.
2.4.2 Outline of the surgeries
Finashin’s construction begins with an equivariant double node knot surgery performed on a
regular torus fiber in the double node neighborhood associated to the nodal fibers T2 and T3, using
a twist knot with n right handed half twists. After performing this knot surgery, the section Ex
becomes a nodal pseudosection SK with self intersection S
2
k = −1. A sequence of blowups, followed
by rational blowdown of the configuration C79,44 give the final 4-manifold. Note that each sphere
of the configuration is c-invariant, and it is in this sense that the configuration is real. Each step
is equivariant in the sense that a real involution exists which restricts to the original involution on
the complement of a neighborhood of the local modifications. The final step is to take the quotient,
yielding S4, with the fixed set projecting down to the desired family of knotted surfaces.
As in [FKV88], Finashin proves that the quotient of his surgered space is still diffeomorphic
to S4 by observing that the modifications upstairs correspond to local modifications of the branch
locus in the quotient, and the ambient modification consists in the quotient of substituting ball
neighborhoods (modifying only the embedding of the branch locus). These modifications leave the
quotient surface complements homologically the same, so it suffices to check that the fundamental
group remains abelian to see that the surface complements are as desired.
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CHAPTER 3
PROOFS OF MAIN RESULTS
3.1 Proof of theorem 1.3.1
3.1.1 Overview of the constructions
Let Yn denote the result of performing equivariant double node knot surgery on the real fibra-
tion described above in section 2.4.1, using the twist knot with n ≥ 3 right handed half-twists as in
lemma 4.4 of [Fin09]. We construct a collection of manifolds Xn,l, l = 5, 6, 7, 8, 9, building from Yn.
The manifolds Xn,5 and Xn,9, n ≥ 3 are constructed as follows: for any n, Xn,5 is one of Finashin’s
examples, constructed by blowing up Yn and rationally blowing down the C79,44 configuration iden-
tified in section 5.1 of [Fin09], while Xn,9 = Yn. The manifolds Xn,6, Xn,7, and Xn,8 are constructed
by different blowup and rational blowdown sequences than those found in Finashin: Xn,6 is con-
structed by equivariantly rationally blowing down a C7 configuration embedded in Yn#3CP
2
, Xn,7 is
constructed by equivariantly rationally blowing down a C5 configuration embedded in Yn#2CP
2
, and
Xn,8 is obtained by equivariantly rationally blowing down a C3 configuration embedded in Yn#CP
2
.
We demonstrate that the needed configurations are suitably embedded and meet the conditions of
lemma 2.3.1 below in section 3.1.2.
Figure 3.1. A schematic illustrating the configurations of key surfaces after double node surgery.
Note that though the fibration is spoiled, two nodal fibers, T1 and T4 persist, and the I8 fiber T0
remains. The section Ex has become a nodal pseudosection SK , with self intersection −1.
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Appealing to the results of [Fin09] outlined in section 2.4.2, the manifolds Yn are real for each k,
possessing an involution ck determined by extending the original real structure c on the real fibration
of CP2#9CP2 through the double node knot surgery. After rational blowdowns, the new manifolds
Xn,l are endowed with real involutions ĉn,l that extend the restriction of cn on the complement of
the rational blowdown configurations through the blowdown surgery. Taking quotients by the real
actions we obtain infinite families of surfaces, as given in proposition 3.1.2.
3.1.2 Blowing up and finding characteristic configurations
To create the target manifolds Xn,6, Xn,7, and Xn,8, we need to perform certain sequences of
blowups and smoothings to create configurations of spheres which we will rationally blow down. In
each case we must identify the corresponding characteristic subconfigurations to ensure adequate π1
control. We will use the following lemma about characteristic configurations in Cp with p odd:
Lemma 3.1.1. For any odd integer p ≥ 3, there is a characteristic subconfiguration Wp of Cp
given by the the disjoint collection of −2 spheres obtained from the chain (−(p+ 2),−2,−2, . . . ,−2)
after removing the even-indexed entries with respect to the Fintushel-Stern labeling (the −(p + 2)
sphere is labeled up−1, and the adjacent −2 sphere is up−2, etc, leaving the rightmost −2 sphere
listed as u1.) Furthermore, the Z/2Z intersection form QCp mod 2 is nonsingular, whence, if Cp is
c-invariantly embedded and if the last −2 sphere of the chain Cp transversely intersects an additional
sphere of even self intersection, then it can be equivariantly rationally blown down in accordance with
lemma 2.3.1 while preserving the fundamental group π1(X/c− F ).
Proof. Since p is odd and we exclude even indexed entries, we must exclude the spheres up−1,
up−3, . . . up−2m+1, . . . u2, leaving only the −2 spheres up−2, up−4, . . . , up−2m, . . . , u1, none of which
are adjacent to each other in the original chain. Each sphere in Wp thus has even self intersection and
is disjoint from all other spheres in Wp, and thus has even intersection with Wp. Each removed −2
sphere is adjacent to precisely 2 of the spheres included in Wp and thus possesses even intersection
with Wp. The sphere up−1 has odd self intersection −p − 2 and meets Wp in precisely one point
(where it intersects the sphere up−2). Thus Wp represents a Wu element of the intersection form for
Cp, and is characteristic. Extending the chain by a new even self-intersection sphere which intersects
the final −2 sphere of Wp, we see that Wp is no longer a Wu element, as the new sphere has odd
intersection with Wp.
That the intersection form is nonsingular can be checked directly, but also follows from obser-
vations in [Fin09]: for any linear plumbing C, the form QC has odd determinant if and only if the
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2-bridge link giving the boundary of the associated plumbing surface is a knot. Whenever p is odd,
the corresponding 2-bridge link is a 2-bridge knot.
Figure 3.2. The plumbing surface for C5 with oriented boundary; the co-oriented ribbon twists
correspond to spheres in the characteristic subconfiguration W5. Note that the boundary is a knot.
An alternate proof that Wp described above is characteristic can be given by following the idea
of remark 3.2 in [Fin09], assigning an arbitrary orientation to the boundary link of the associated
plumbing surface and determining the pattern of co-directed “overpasses” and oppositely directed
(“mis-directed”) overpasses, and working inductively. This is suggested by figure 3.1.2.
To construct Xn,8, we perform a real blowup of Yn to resolve the node of the pseudosection SK ,
yielding a −5 sphere, which we chain together with the −2 sphere it meets in the I8 fiber T0. Note
that this chain is merely a C3 configuration, embedded in Yn#CP
2
. The −2 sphere is characteristic
for the configuration, but is not characteristic for the configuration obtained by chaining on an
additional adjacent −2 sphere from the I8 fiber T0.
Figure 3.3. Schematic illustrating the C3 configuration (highlighted in green) after blowing up to
resolve the node of the pseudosection SK .
To construct Xn,7, we still perform a real blowup of Yn to resolve the node of the pseudosection
SK , yielding a −5 sphere. We then blow up at the node of the nodal fiber T4, and smooth the
resulting −4 sphere with the −5 sphere from the blowup of SK , yielding a −7 sphere. We then chain
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this together with three of the −2 spheres from the the I8 fiber T0 to obtain a C5 configuration
embedded in Yn#2CP
2
. Applying lemma 3.1.1 we see that the first −2 sphere adjacent to the −7
sphere, together with the last−2 sphere on the end of the chain form a characteristic subconfiguration
which is not characteristic if we augment the chain by the next −2 sphere from the I8 fiber T0.
Figure 3.4. Schematic illustrating the C5 configuration after further blowing up to resolve the node
of T4 and smoothing it with the resolution S
′
K .
Finally, for Xn,6 we play the same game as for Xn,7, but with the addition of a blowup at the
node of T4, and smoothing the additional −4 sphere into the −7 sphere to obtain a −9 sphere; we
then use 6 total −2 spheres taken from I8 fiber T0 to complete the chain. Again we apply lemma 3.1.1
to identify an alternating sequence of disjoint −2 spheres at the tail of the C7 configuration.
Figure 3.5. Schematic illustrating the C7 configuration after a final blowup to resolve the node of
T1 and smoothing.
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3.1.3 Homeomorphism types for Xn,l and (Xk,l/ĉk,l, Fk,l)
Proposition 3.1.1. The manifolds Xn,l have homeomorphism type CP2#lCP
2
.
Proof. In the case of Xn,5 this follows from the arguments used in proving theorem 2.3 of [PSS05]:
Xn,5 is obtained by rationally blowing down the configuration C79,44 in Yn#9CP
2
; the configuration
C79,44 contains 13 spheres, and so rational blowdown gives b
−
2 (Xn,5) = 18−13 = 5, while b
+
2 (Xn,5) =
b+2 (E(1)) = 1. It is simply connected because the original fibration admits a section and two distinct
vanishing cycles in the complement of the double node neighborhood, and the corresponding 2-






Freedman’s classification theorem of topological 4-manifolds, we deduce Xn,5 ∼=C0 CP2#5CP
2
.
For Xn,9 the topological characterization follows directly from lemma 2.1 of [Sza96]. For the
remaining spaces, Xn,6, Xn,7, and Xn,8, it follows from analogous π1 arguments, such as in [FS06],
and the application of Freedman’s classification with the observation that by construction and by the
choices of blowdown configurations (in parallel with those of [FS06]), using b+2 = 1, b
−
2 = l for each
Xn,l. In particular for l = 6, 7, 8, let C19−2l, denote the embedded configuration in Yn#(9− l)CP
2
,
and note that it will suffice to show that the complement of such a configuration is simply connected,
since during rational blowdown the configuration is replaced by a rational ball, whose fundamental
group is carried by the lens space boundary. The generator of the lens space L
(
(19− l)2, l − 18) ∼=
∂B19−l can be identified with a meridional loop in the complement of the configuration C19−2l. But
a generator of π1(Yn#(9 − l)CP
2 − C19−2l) is given by a meridian of the disk bundle associated
to the last −2-sphere of the configuration C19−2l. This meridian can be identified with a circle in
the next adjacent −2-sphere present in the I8 fibration, and thus this meridian is contractible in
Yn#(9− l)CP
2 − C19−2l.
Taking the quotients of the manifolds Xn,l by the real action of the involutions ĉn,l yields S
4 as
in [Fin09, FKV87, FKV88]. Indeed, all of the modifications to produce the surgery manifolds Xn,l
correspond to local modifications of the branch locus in D4 neighborhoods in the quotient space, as
before.
The families {F+n,l} are formed by examining the image of the real set after taking the quotient:
F+n,l = q(X
ĉn,l




where q : Xn,l → Xn,l/ĉn,l is the quotient map. The families {F−n,l}
are obtained by reversing the orientations of the spaces Xn,l and then taking the quotient and
considering the images of the real sets. Henceforth we will focus on constructions for {F+n,l}, and




For each family {Fn,l}, we may select a subsequence Fl := {Fnk,l}, nk ≥ 3 such that all of the
surfaces are topologically unknotted, and reindex, writing Fl = {Fk,l}k∈Z>0 . To justify this, note first
that the complimentary fundamental group π1(Xn,l/c − Fn,l) = π1(S4 − Fn,l) ≡ Z/2Z. For Xn,9
this is proved by combining lemma 4.2 of [Fin09] with the results of section 3 of [FKV88]; for the
remaining cases involving rational blowdown, the additional argument involves the application of
lemma 2.3.1 after detecting the appropriate characteristic subconfigurations of the configurations to
be equivariantly blown down. Now, given that π1 of the complements is always Z/2Z, the arguments
in section 5 of [FKV88] building on the work of Kreck allow us to deduce that there are finitely
many homeomorphism types of knottings with Z/2Z complement for each of the given normal Euler
numbers. Thus we choose subfamilies Xk,l where the surfaces are topologically unknotted, and
within these, we have
Proposition 3.1.2. The real manifolds (Xk,l, ĉk,l) for k ∈ Z>0 and l = 5, 6, 7, 8, 9 are branched
double covers over S4 satisfying
(Xk,l/ĉk,l, Fk,l) ∼=C0 (S4,RP2#lRP
2
) ,
where Fk,l is the branch locus for the covering map q : Xk,l  Xk,l/ĉk,l = S4.
3.1.4 Seiberg-Witten invariants
Recall, the perturbed Sieberg-Witten equations SWs,η yield an integer valued invariant when
X is simply connected (or more generally, has vanishing H1(X;Z) and has b+2 > 1. The invariant
is nonzero when evaluated on some finite collection of basic classes K ∈∈ H2(X;Z), which are
characteristic classes determining spinc structures on X. We can thus regard the Seiberg-Witten
invariants in this case as a map
SWX : {K ∈ H2(X;Z) : PD(K) ≡ w2(X) mod 2} → Z .
In the case as above except with b+2 = 1, the invariants depend on the choice of metric. In general,
there is a wall crossing formula. By a wall we mean a codimension one submanifold of metrics for
which the Seiberg-Witten equations admit reducible solutions; such walls occur because b+2 measures
the codimension of reducible solutions in the space of metrics, by a result of Taubes [Mor96, Tau82].
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The space of metrics thus is divided into two chambers. For a pair of metrics g1 and g2 lying in




≥ 0, i = 1, 2, the wall crossing formula states that
SWX(g1, s, η)− SWX(g2, s, η) = (−1)d/2+1
if g1 determines a harmonic form in H
2
+(X;R) which positively pairs with c1(s), and
SWX(g1, s, η)− SWX(g2, s, η) = (−1)d/2
otherwise.
The first key result needed from Seiberg-Witten theory is lemma 3.2 of [Sza96]:
Lemma 3.1.2. Let X be a smooth closed oriented 4-manifold with H1(X;Z) = 0, b+2 = 1, and
b−2 ≤ 9. Then for every characteristic element K ∈ H2(X;Z) and every pair of Riemannian metrics
g1, g2, and sufficiently small perturbation forms η1 and η2,
SWX(g1, s, η1) = SWX(g2, s, η2) .
That is, there is no chamber structure for X with trivial H1(X;Z), b+2 = 1 and b
−
2 ≤ 9, and
thus no need to work with the wall crossing formula. However, in situations where one first per-
forms blowups until b−2 > 9 before rationally blowing down, there is the ambiguity of a cham-
ber choice which is then reflected in the subsequent possible values of the Seiberg-Witten invari-
ants on the blown-down manifold. We may restate this theorem as stating that SWX : {K ∈
H2(X;Z) : PD(K) ≡ w2(X) mod 2} → Z is well defined for smooth closed oriented X4 satisfying
H1(X;Z) = 0, b+2 = 1, and b
−
2 ≤ 9.
We now appeal to [Sza96] theorem 3.3, and lemma 3.4 of [Sza96]: after knot surgery, our manifold
Yn has exactly two basic classes, say ±L, and
SWYn(±L) = ±n , (3.1)
where n is the integer determining the twist-knot type used (recall, Yn is formed by performing
equivariant knot surgery in the double node neighborhood of the given real fibration, using a twist
knot with 2n− 1 right handed half-twists).
In the case when blowups and rational blowdowns are performed, we modify this result slightly,
in the spirit of proposition 3.1 of [PSS05]:
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Proposition 3.1.3. For each of the manifolds Xn,l, l = 5, 6, 7 or 8, the Seiberg-Witten invariants
are well defined and take values in {±n,±n± 1}.
Proof. It follows from the preceding result giving SWYn(±L) = ±n together with the blow-up
formula and rational blow-down formula, as in [PSS05].
3.1.4.1 Irreducibility
We are now ready to combine the results of the previous sections to deduce irreducibility of each
of the families Fl = {Fk,l}, l = 5, 6, 7, 8, 9.
The case of l = 9 is the simplest case: no blowups or rational blowdowns are required, and the
Seiberg-Witten invariants are known to be nonzero for all k. This follows from lemma 3.4 of [Sza96],
which expresses the Seiberg-Witten invariant for the unique (up to sign) basic class in terms of the
twist number from the knot surgery. Now suppose Fn,9 is a smoothly reducible embedding, i.e., there
is a splitting (S4, Fn,9) ∼=C∞ (S4, F ′)#(S4, F ′′) where neither F ′ nor F ′′ is a sphere. Passing to the
double branched covers, such a splitting necessitates a splitting Xn,9 ∼= X ′#X ′′. Since b2+(X) = 1,
one summand, say X ′′, is negative definite.
We now follow the arguments of Szabó’s proof of theorem 1.1 in [Sza96] and theorem 1.6 in [Sza98]
to show that X is irreducible, and so in particular, the above splittings of Xn,9 are not possible when
n ≥ 3. Since Xn,9 is simply connected with well-defined nonzero Seiberg-Witten invariants, for any
such splitting as above the summand X ′ must have nonzero Seiberg-Witten invariant. Assume
m > 0 so X ′′ is a nontrivial negative definite piece. Let L be a basic class of X ′, and (E1, . . . , Em)
a basis of H2(X ′′,Z). This implies that Xn,9 has basic classes of the form ±L ± E1 ± . . . ± Em.
Taking an appropriate difference of basic classes, we can arrange that there are basic classes whose
difference has self-intersection −4 (e.g., (L+E1 + . . .+Em)− (L−E1 + . . .+Em) = 2E1). On the
other hand, since b−2 (Xn,9) = 9, by lemma 3.2 of [Sza96], the basic classes of Xn,9 have nonnegative
self intersection. Thus m must be zero, and Xn,9 must be irreducible.
It follows that for any splitting Xn,9 ∼= X ′#X ′′, the negative definite piece X ′′ must (vacuously)
be a homotopy S4, so we conclude that the splitting (S4, F ′)#(S4, F ′′) must induce a splitting
Xn,9 ∼= X ′#X ′′ with X ′′ a homotopy S4. Since X ′′ is a double branched cover over (S4, F ′′), it
follows that e(X ′′) = 2e(S4) − e(F ′′) which gives e(F ′′) = 2, whence F ′′ must be a sphere, in
contradiction with our assumptions.
The other cases proceed similarly to the case l = 9, with a few additional details. First, the
values of the Seiberg-Witten invariants are dependent on a chamber choice prior to rational blowdown
(though this choice does not affect the basic classes or their self-intersections, only the value taken by
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the Seiberg-Witten invariant.) In particular, by the wall crossing formula and lemma 3.3 in [PSS05],
we conclude for each Xn,l, l = 5, 6, 7, or 8, that there are exactly two basic classes such that the
Seiberg-Witten invariants take values in {±n,±n±1}. Lemma 3.2 of [Sza96] applies whenever l ≤ 9.
Thus, for each l ∈ {5, 6, 7, 8, 9} and for n ≥ 3, the resulting manifolds Xn,l are irreducible exotic
CP2#lCP2. The irreducibility of Fn,l follows from the same arguments as used above, and thus to
the subfamilies Fn,l.
3.2 Proof of theorem 1.3.2
For part A it suffices to show that the hypothesis (ii) allows us to identify the generalized fiber
surfaces with a common real surface (Σ, cΣ), and that the conditions (i) and (iii) guarantee that
the real involutions restricted to the equivariant neighborhoods induce the same real structure cΣ
when pulled back to Σ via a suitable diffeomorphism determined by ψ, j1 and j2. Indeed, (ii) gives
cX |F1 = j1 ◦ cΣ and cX |F2 = j2 ◦ cΣ, and by assumption there is a pair of diffeomorphisms, say
f1 : F1 → Σ and f2 : F1 → Σ, such that f1 ◦ cX |F1 = cΣ = f2 ◦ cX |F2 , whence
cX |F2 = f−12 ◦ cΣ = f
−1
2 ◦ f1 ◦ cX |F1 . (3.2)
The equivariant neighborhoods being fiber equivariant isomorphic means that the map ψ : ν1 → ν2
reverses the fiber orientations but covers an orientation preserving diffeomorphism ψ0 := ψ|F1 ,
where we regard the zero section of ν1 as naturally identified with F1. We conclude that the map
ψ0 satisfies
cX |F2 = ψ0 ◦ cX |F1 = f−12 ◦ f1 ◦ cX |F1 , (3.3)
whence ψ0 = f
−1
2 ◦ f1 is determined by the common identification of the fibers with Σ, and since
the fibers are disks, and there is a unique real structure up to conjugacy on D2, we conclude
the action of ψ ◦ cX is determined entirely by the diffeomorphisms fi and the real structure cΣ,
or equivalently, by the identification f−12 ◦ f and the real structure cX |F1 on F1. We see that
ψ|∂(X−ν1) ◦ cX |∂(X−ν1) = cX |∂(X−ν2).
Now, set Φ = ψ|∂(X−ν1). This identifies ∂(X − ν1) with ∂(X − ν2) in an orientation reversing
way, and
Φ ◦ cX |∂(X−ν1) = cX |∂(X−ν2) ◦ Φ . (3.4)
Observe that X − ν1 and X − ν2 are each constructible as double branched covers, and the real
involution c acts on X− νi by the associated nontrivial deck transformation. Consequently, we have
52
a real structure which is given by cX on X − (ν1q ν2), and which commutes with the restrictions of
cX : Φ ◦ cX |∂ν1 = cX |∂ν2 ◦ Φ. We conclude that
#ΦX =
(






possess a real structure c#ΦX which naturally extends the original real structure.
For part B, we follow the process detailed in [Gom95] to construct a symplectic fiber sum. The
conditions on the symplectic surfaces F1 and F2 ensure that the original real involutions glue to a
new real involution which is real symplectic for the new symplectic form as follows: the summands
X1 and X2, are twofold branched covers, and the real-symplectic involutions given must act by deck
transformations. By assumption, the real structures pull back to a common real structure on the
model surface Σ (since they are conjugate in Diff(Σ)). The equality e[ν(F1)] = −e[ν(F2)] ensures
the tubular neighborhoods are isomorphic, and we may define Φ̃ in analogy to the isomorphism ψ
given in the hypotheses for part A. We thus choose the map Φ as in the proof of part A. The
symplectic form ω2 may be rescaled during the procedure of [Gom95]. This poses no real obstacle,
since c∗2λω2 = −λω2 by linearity of c∗2 and the fact that c2 is anti-symplectic for ω2. Thus the
real structure which extends c1 and c2 acts in a realsymplectic manner for the new symplectic form
resulting from the Gompf construction. That is, the resulting real structure is antisymplectic, as
it restricts to the original antisymplectic structures (up to scaling of the symplectic forms) on each
fiber summand.




X1 νF1 νF2 X2
X1 νF1 νF2 X2














This diagram illustrates necessary commutative relationships between the model surface, fibers,
their tubular neighborhoods and quotients, and the fiber sum. Here, fi : Fi → Σ are diffeomorphisms
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to the model surface; ci are the involutions. Dashed arrows represent the maps needed to deduce
the conclusion of theorem 1.3.2.
To combinatorially detect when a real fiber sum may be performed, it suffices to study the
restricted involutions, and show that they induce Diff-conjugate real structures on Σ; equivalently, we
can classify by the number of ovals, number of connected components of Fi−F cii , and genus. Further,
we can even lift from the quotient: if there is a ψ which gives a diffeomorphism of the quotient spaces,
taking marked branch loci to each other, we can use double the branched cover construction to deduce
the existence of a map ϕ, which then further can be extended to the equivariant neighborhoods in
a natural way, since the assumption on Euler numbers means νFi are isomorphic disk bundles (and
disks have a unique real structure). Following the diagram along with the proof above, we see that
the real equivariance of embeddings together with conjugacy of the real structures pulled back to Σ
from F1 and F2 guarantees that the squares commute, and the fiber sum is well defined.
Thus, the study of ovals up to actions by mapping classes becomes a useful perspective. We have
a “recognition problem”: given two conjugate real structures, can we identify/compute the mapping




FURTHER DIRECTIONS AND OPEN QUESTIONS
4.1 Irreducible surfaces
We pose here a few questions and some possible future directions for studying irreducible surfaces.
Despite many improved constructions of simply connected closed 4-manifolds with b2+ = 1, to
obtain smaller b−2 , there have been no successful constructions of exotically embedded nonorientable
surfaces in S4 with fewer abstract RP2 summands than the Finashin constructions of #6RP2, so it
is natural to ask
Question 4.1.1. Do there exist exotic embeddings of (S4, pRP2 #qRP2) for p+ q ≤ 5?
It seems probable that further useful equivariant configurations of spheres can be found and used
to create new examples of irreducible smoothly knotted surfaces, starting from equivariant double
node surgeries. A natural question to approach the preceding one is (also see [BKS21])
Question 4.1.2. Do there exist real configurations of spheres in a a blowup of a homotopy E(1) such
that, after rational blowdown, the resulting 4-manifold is a double branched cover over S4 branched
along an irreducible embedding of a non-orientable surface with non-orientable genus ≤ 5?
It is known that the annulus surgeries described in[FKV87, FKV88] and[Fin09] can be performed
on any surface embedding; the chief obstacle appears to be connecting such a surgery to a 4-manifold
surgery in an appropriate branched cover for which gauge theoretic invariants can be leveraged to
detect irreducibility. Thus, a current limitation in pushing these constructions further is finding ways
to distinguish the smallest manifolds that occur as branched coverings of S4 over branch surfaces
which have been modified by annulus surgeries.
4.2 Real fiber sums
Our motivation for the real fiber sum construction was to produce new examples of irreducible
surfaces. Example 1.2.2.1 demonstrated that there exist surfaces which are linked but can be sep-
arated by fiber sum decomposition. We can show also some very simple examples of irreducible
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surfaces produced by real fiber sum: unknotted S2 in S4 can be obtained as the real fiber sum
of CP2 and CP2 summed along the +1 and −1 spheres representing generators of H2(CP2) and
H2(CP
2
) respectively. The real structure on S4 is precisely the one obtained by gluing two copies of
real D4 = D2×D2 along their boundaries, and gluing the corresponding real disks into the invariant
S2. If one self sums CP2#CP2 along these +1 and −1 spheres, one obtains an irreducible S1 × S1
in S1 × S3, with the real structure that fixes the S1 factor and acts on S3 by a rotation fixing a
distinguished fiber of the Hopf fibration. The best hope for interesting symplectic real sum construc-
tions of surfaces comes from applying the fiber sum construction to Lefschetz fibrations or elliptic
fibrations, where one can use the combinatorial power of monodromy factorizations and vanishing
cycles to directly detect when a fibration has real monodrmy, and the real structures on select fibers
are compatible for equivariant fiber sum. We hope to employ this to attack the following geography
question:
Question 4.2.1. For what pairs (χ, σ) do there exist (minimal, simply connected) real symplectic
4-manifolds with Euler characteristic χ and signature σ?
A related geography question about irreducible surfaces is
Question 4.2.2. For which (p, q) do there exist irreducible embeddings (S4, pRP2#qRP2)?
We end with a final, long unresolved question:
Question 4.2.3. Do there exist irreducible embeddings of orientable surfaces F ∼= Σg, for g > 0 in
S4 with π1(S
4 − F ) ∼= Z?
This is the irreducibility analogue of the smooth unknotting conjecture. In particular, irreducibil-
ity phenomena for orientable surfaces F ↪→ S4 with π1(S4 − F ) ∼= Z would correspond to smoothly
exotic knotting phenomena with topologically unknotted underlying surfaces. Such examples might
arise from exotic #g(S
2 × S2) via equivariant surgeries.
56
GLOSSARY OF SYMBOLS
D2 unit complex disk, 9
S1 the unit circle in C, 10
RPn real projective space, 11
X#Y the connected sum of X and Y , 11
X\Y the boundary connected sum of X and Y , 11
PD the Poincaré dual map PD : Hk(X
n;Z) → Hn−k(Xn;Z),
and by misuse, its inverse PD : Hk(Xn;Z)→ Hk−n(Xn;Z)
15
CP2 the complex projective plane, 18
CP2 the mirrored complex projective plane, 18
(D4,RP2) normal Euler number −2 unknotted real projective plane in
D4, 29
(D4,RP2) normal Euler number +2 unknotted real projective plane in
D4, 29
Diff(Σ) full group of diffeomorphisms of Σ, 34, 35
Diff+(Σ) group of oriented diffeomorphisms of Σ, 35
Mod(Σ) mapping class group of Σ, 35
Yn Real double node knot surgered E(1), 44
Xn,l The 4-manifolds constructed from Yn, giving branched cov-
ers of (S4, Fn,l, ) 44, 48
Fk,l The irreducible surfaces constructed by proposition 3.1.2 49
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